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with an Appendix by Tomer M. Schlank 

Abstract. We formalize the construction by Batalin and Vilkovisky of a so- 
lution of the classical master equation associated with a regular function on 
a nonsingular affine variety (the classical action). We introduce the notion of 
stable equivalence of solutions and prove that a solution exists and is unique 
up to stable equivalence. A consequence is that the associated BRST coho- 
mology, with its structure of Poissono-algebra, is independent of choices and 
is uniquely determined up to unique isomorphism by the classical action. We 
give a geometric interpretation of the BRST cohomology sheaf in degree and 
1 as the cohomology of a Lie-Rinehart algebra associated with the critical 
locus of the classical action. Finally we consider the case of a quasi-projective 
varieties and show that the BRST sheaves defined on an open affine cover can 
be glued to a sheaf of differential Poissono-algebras. 
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1. Introduction 

Batalin and Vilkovisky [3,4], in their study of generalized gauge symmetries in 
quantum field theory, proposed to associate to a function 5o, called the classical 
action, on the space of fields X, taken here to be an affinc variety, a solution S of 
the classical master equation [S, 5] = in a completed space of functions on the 
(— l)-shifted cotangent bundle T*[— l]y of a certain graded manifold V containing 
X . The Poisson bracket [ , ] has degree 1 and the classical master equation implies 
that [S, ] is a differential on functions on T*[— l]y. The corresponding cohomology 
is called (classical) BRST cohomology and comes with an induced product of degree 
and Poisson bracket of degree 1. The BRST cohomology in degree consists of 
regular functions on the critical locus of that are annihilated by the vector fields 
that annihilate Sq. The ultimate aim is to study (or make sense of) the asymptotic 
expansion of oscillatory integrals J cxTp{iSo{x)/h)f(x)dx as ft —> in cases where 
the critical points of Sq are not isolated, particularly in the infinite dimensional 
case. The classical master equation, considered here, appears in the study of the 
critical locus, which is preliminary to the study of the oscillatory integrals where the 
quantum master equation arises. We plan to extend our approach to the quantum 
case in a future publication. 

The starting point of this paper is the remark that the Batalin- Vilkovisky con- 
struction depends on several choices, so that the invariant meaning of the BRST 
cohomology remained unclear. Our aim is to formalize the construction by in- 
troducing the notion oi BV variety associated with a regular function Sq on a 
nonsingular affine variety, comprising a solution S of the classical master equation. 
We show that, given So, such a BV variety exists and is unique up to a natural 
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notion of stable equivalence and that automorphisms act trivially on cohomology. 
A consequence is that the BRST cohomology is uniquely determined, up to unique 
isomorphism of Poisson algebras, by So- 

Let us describe the result in more detail. Let fc be a field of characteristic and X 
a nonsingular affine variety. We use the language of Z-graded varieties. A Z-graded 
variety with support X, is a Z-graded commutative ringed space V = {X, Oy) with 
structure sheaf Oy = ©igz^'V locally isomorphic to the completed symmetric 
algebra of a free graded Ojf -module with homogeneous components of finite rank. 
The completion is defined by the ideals F^Ov generated by the elements of degree 
> p. The (-l)-shifted cotangent bundle of a Z-graded variety V such that Oy = 
for i < is M = T*[-1]V = {X,Om) with Om = Symc^,Ty[l], the completed 
graded symmetric algebra of the tangent sheaf of V, with degree shift Ty [1]* = T^^. 
Then Om is, in the terminology of [14], a sheaf of Poissouo or i-Q-algebras; namely, 
it comes with a graded commutative product of degree zero and a Poisson bracket 
of degree 1."'^ The classical master equation for a function 5* G r(X, Om) of degree 
on M = T*[-1]V is [S, S] = 0. A solution S defines a differential ds = [S, ] on 
the sheaf of Po-algebras Om- Let Im = F^Om be the ideal of Om generated by 
elements of positive degree. Then ds preserves Im and induces a differential on the 
non-positivoly graded complex of sheaves Om/Im- 

Definition 1.1. Let Sq G Y{X, Ox) be a regular function on X G C. A BV variety 
with support (X, So) is a pair {y,S) consisting of a Z>o-graded variety V with 
support X and a function S G T{X, 0%) on M = T*[-1]V such that 

(i) S\x = So- 

(ii) S is a solution of the classical master equation [S, S] = 0- 

(iii) The cohomology sheaf of the complex [Om I lM,ds) vanishes in non-zero 
degree. 

The complex of sheaves (Cm, ds) is called BRST complex and its cohomology is 
called BRST cohomology (after Becchi, Rouet, Stora and Tyutin, who introduced 
it in the case of ordinary gauge theory [5]). The BRST complex is a sheaf of 
differential Po-algebras, namely a sheaf of Po-algebras with a differential that is a 
derivation for both the product of and the bracket, so that the BRST cohomology 
is a Po-algebra. 

We refer to [18] for the physical background of this construction and to [30] for 
its mathematical context. 

The main result of this paper is that a BV variety [V, S) with given support 
{X,So) exists and is essentially unique. Two BV varieties (Vi,^!), (V2,<S'2) with 
support {X, So) are called equivalent if there is a Poisson isomorphism T*[— l]Vi — >■ 
T*[— 1]V2 inducing the identity on X whose pull-back sends 5*2 is Si- They are 
stably equivalent if they become equivalent after taking the product with solutions 
of BV varieties with support {X — {pt},So — 0), see Section 3.6 for the precise 
definition. The main property is that stably equivalent solutions give rise to BRST 
complexes that are quasi-isomorphic as sheaves of differential Po-algebras. 

Theorem 1.2. Let Sq be a regular function on a nonsingular affine variety X over 
a field k of characteristic zero- 



In general a Pj -algebra is a graded commutative algebra with a Poisson bracket of degree 
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(i) There exists a BV variety {V, S) luith support (X, 5o). It is unique up to 
stable equivalenee. 

(ii) Poisson automorphisms of (V, S) act as the identity on the cohomology of 
the BRST complex. Thus the ERST cohomology 'H*{OM,ds) is determined 
by {X, So) up to unique isomorphism. 

The existence proof is based on the construction described in [3, 4] and is in 
two steps. In the first step one extends the map dSo : Tx — > Ox sending a vector 
field ^ to £,{Sq) to a semi-free resolution of the Jacobian ring, namely a quasi- 
isomorphism {R,S) (J(S'o),0) of differential graded commutative Ox-algebras, 
where R is the symmetric algebra of a negatively graded locally free Ox-niodule 
with homogeneous components of finite rank. The existence of such resolutions is 
due to Tate [32] and R is called Tate (or Koszul Tate) resolution. Geometrically 6 
is a cohomological vector field on the coisotropic subvariety of a shifted cotangent 
bundle M = T*[—1]V determined by the ideal Im- In the second step one extends 
this vector field to a Hamiltonian cohomological vector field [S, ] on T*[— 1]!/. This 
existence proof is basically adapted from [18, Chapter 17], but we avoid using the 
"regularity condition" on the smoothness of the critical locus assumed there. 

To show uniqueness up to stable equivalence we remark that all BV varieties 
with given support are isomorphic to BV varieties obtained from some Tate res- 
olution and the question reduces to comparing different Tate resolutions. It is a 
standard result that different Tate resolutions of the same algebra are related by 
a quasi-isomorphism that is unique up to homotopy. We prove in the Appendix 
the stronger result that any two such resolutions become isomorphic as differential 
graded commutative algebras after taking the tensor product with the symmetric 
algebra of an acyclic complex. 

The existence part of Theorem 1.2 (i) is proved in Section 4.2 (Theorem 4.5); 
the uniqueness up to stable equivalence is Theorem 4.10 in Section 4.4. Part (ii) is 
proved in Section 4.6 (Theorem 4.13 and Corollary 4.15). 

The next result is a partial description of the cohomology of the BRST complex. 
The cokernel of the map dSo : Tx — > Ox is the Jacobian ring, the quotient of Ox 
by the ideal generated by partial derivatives of So- Vector fields in the kernel L{So) 
of dSo are infinitesimal symmetries of So- They form a sheaf of Lie subalgebras of 
Tx. 

Theorem 1.3. 

(i) The cohomology sheaf of the BRST com,plex is supported on the critical 
locus of So and vanishes in negative degree. 

(ii) The zeroth BRST cohomology algebra is isomorphic to the algebra of in- 
variants 

J(5o)^(^°) = {/ e J(5o) I af) = 0, e LiSo)}, 
of the Jacobian ring for the Lie algebra of infinitesimal symmetries of So ■ 

The computation of the BRST cohomology is based on the spectral sequence 
associated with the filtration F'Om and is presented in Section 5. Theorem 1.3 
follows from the description of the -E'2-term in Theorem 5.1, see Corollary 5.4 and 
Proposition 5.5. 

Can one describe the BRST cohomology in terms of the geometry of the critical 
locus? We give a conjectural description of this kind, which we prove in degree and 
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1: the BRST cohomology for an afBnc variety is isomorphic to the cohomology of a 
Lie-Rinehart algebra naturally associated to the critical locus, see Section 7. One 
encouraging fact is that the bracket H^®H^ — >• induced by the Poisson bracket 
has a very natural geometric description in terms of this Lie-Rinehart algebra. 

Theorem 1.3 refers to affine varieties and it is natural to ask whether affine BV 
varieties glue well to build global objects defined on general nonsingular varieties. 
We have a partial existence result in this direction. We show in Corollary 8.3 that 
if So is a (possibly multivalued) function on a quasi-projective variety, then there 
is a sheaf of differential Po-algebras which is locally quasi-isomorphic to the BRST 
complex of a BV variety associated to Sq. The necessary homotopy gluing technique 
is explained in Appendix B by Tomer Schlank. 

Apart from the extension of our results to the quantum case, namely the theory of 
the quantum master equation and Batalin-Vilkovisky integration, see [3,18,28,20, 
2,29, 1], it is important to study the higher dimcinsional case of local functionals in 
field theory, see [3, 18, 14, 24]. It would also be interesting to compare our approach 
to the derived geometry approach of [34,23], and consider, as these authors do, the 
more general situation of an intersection of Lagrangian submanifolds in a symplectic 
manifold (the case studied in this paper is the intersection of the zero section with 
the graph of dSo in the cotangent bundle). 

In most of the paper we formulate our results for a nonsingular affine variety X 
over a field k of characteristic zero for consistency of language, but our results hold 
also, with the same proofs, for smooth manifolds (with fc = M) or complex Stein 
manifolds (with fc = C). 

Another straightforward generalization to which our results apply with the same 
proofs is the case where Sq is a multivalued function defined modulo constants (alias 
a closed one- form). By this we mean a formal indefinite integral Sq = J X, where A 
is a closed 1-form. The point is that it is not that matters but the differential 
[5*0, ], which depends on So through dSo, see 3.3 for a more formal treatment. 

Finally let us remark that while our axiomatic setting insures essential uniqueness 
of BV varieties with given support, there are other interesting solutions of the 
master equations, obtained as reductions of infinite dimensional solutions, that do 
not necessarily obey property (iii) of the definition of BV varieties, see [8, 11]. 

The paper is organized as follows. In Section 2 we introduce a notion of graded 
variety suitable for our problem. It is patterned on Manin's definition of superman- 
ifolds and supervarieties [22]. Shifted cotangent bundles are also introduced there. 
BV varieties and their cohomology are introduced in Section 3. In Section 4 we 
prove the existence and uniqueness result for BV varieties, and the computation of 
the BRST cohomology is contained in Section 5. We then discuss several examples 
in Section 6 and in Section 7 we give a geometric description of the cohomology in 
degree and 1 and of the induced bracket (8) . We conclude our paper 

with Section 8 where we extend our existence result to the case of quasi-projective 
varieties. 

Conventions. We work over a field k of characteristic zero. The homogeneous 
component of degree i of a graded object E is denoted by and E[i] is E with 
degrees shifted by i: E[iy = E^^^ . Differentials have degree 1. To avoid conflicts 
of notation we denote by l'^^^ the j-th power / • • • / of an ideal /. 

Acknowledgements. We thank Damien Calaque, Vladimir Hinich and Dmitry 
Roytenberg for instructive discussions, Pavel Etingof for kindly providing Example 
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8 ill Section 6, Bcrnhard Keller and Jim Stasheff for useful correspondence. We 
also thank Tomer Sclilank for discussions and explanations on liomotopy limits and 
for providing Appendix B. We are grateful to Ran Tessler and Amitai Zernik for 
comments and corrections to the manuscript. G.F. was supported by the Swiss 
National Science Foundation (Grant 200020-105450). D. K. was supported by an 
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2. Graded varieties 

2.1. Symmetric algebras of graded modules. Let V = (BiezV'^ be a Z-graded 

module over a commutative unital ring B with free homogeneous components 
of finite rank such that = 0. If a € is homogeneous, we set dega = i. 
The symmetric algebra Sym{V) = Syuig{V) is the quotient of the tensor algebra 
of V by the relations ab = (—l)'^°^°-'^°^^ba. It is a graded commutative algebra 
with grading induced by the grading in V. Let FPSym{V) be the ideal generated 
by elements of degree > p. These ideal form a descending filtration Sym(F) D 
F^Sym{V) D F'^Sym{V) D • • • . 

Definition 2.1. The completion Sym(F) of the graded algebra Sym{V) is the 
inverse Hmit of Sym{V) / FPSyu].{V) in the category of graded modules. Namely, 
S^(V^) = ©,ezS^(y)^ with 

S^(Vy = limSym(F)V(FPSym(y) n SymlVY). 

Then Sym(F) is a graded commutative algebra and comes with the induced 
filtration FPSym(F). Note that the completion has no effect if V is Z>o-graded or 
Z<o-graded, namely ii = for alH < or for all i > 0. 

Remark 2.2. The assumption that y° = is not essential. It can be achieved by 
replacing B by Symg(F°). 

2.2. Graded manifolds and graded algebraic varieties. We adapt the con- 
structions and definitions of Manin [22], who introduced a general notion of Z/2Z- 

gradcd spaces (or superspaccs), to the Z-gradcd case. 

Definition 2.3. Let Mq be a topological space. A graded space with support^ Mq 
is a ringed space M = (Mq, Om) where Om (the structure sheaf of M) is a sheaf of 

Z-graded commutative rings on Mo such that the stalk Oa/.x at every x G Mo is a 
local ring. Morphisms are morphisms of locally ringed spaces: a morphism M ^ N 
is a pair (/, /*) where / : Mq Nq is & homeomorphism and /* : On — ^ f*OM is 
a grading preserving morphism of sheaves of rings, such that, for all x € Mq, f* 
maps the maximal ideal of Ojqj{x) to the maximal ideal of Om,x- 

Definition 2.4. An open subspace of a graded space M = (Mo,Om) is a graded 
space of the form {Uq, Om\uo) for some open subset Uq C Mq. A closed subspace is 
a graded space of the form {Nq, {Om/J)\no) for some sheaf of ideals J C Om such 
that Om/J has support on A^o- 

Both open and closed subspaces come with inclusion morphisms to M. 



'or body, we use the terminology of [6] 
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Definition 2.5. Let M bo a graded variety. Let Jm be the ideal sheaf of Om 
generated by sections of non-zero degree. The reduced space is the locally ringed 
space Mrd = {Mo,Om/Jm)- 

Thus Mrd is a closed subspace of M and it is a locally ringed space in the classical 
sense, with strictly commutative structure sheaf sitting in degree 0. 

An important class of graded spaces is obtained from graded locally free sheaves. 
Let {X,Ox) be a commutative locally ringed space (no grading). If f is a graded 
module with homogeneous components of finite rank and £° = 0, then U 
SyinQ^^jj^{£{U)) is a sheaf of rings on X whose stalks are local rings. Thus M = 
{X, Sym^^ {£)) is a graded space with Mr<j = {X, Ox)- 

Definition 2.6. Let C be a subcategory of the category of locally ringed space, such 
as algebraic varieties, smooth manifolds or complex manifolds. A graded C-variety 
with support Mq e C is a graded space M = (Mq, Cm) such that every point x G Mq 
has an open neighborhood U such that {U, Om\u) is isomorphic to {U, Sym^,^ {£)) 
for some free graded Ox-module £ with homogeneous components of finite rank and 
£^ = 0. Morphisms are morphisms of locally ringed spaces restricting to morphisms 
in C on their supports, namely such that there is a commutative diagram 

M ^ N 

t t 
Mo ^ No 

with lower arrow in C. 

Depending on C, we call gradcid C-varieties graded smooth manifolds, graded 
algebraic varieties, graded affine varieties, and so on. 

Definition 2.7. A graded C-variety M is called Z>o-graded {Z<o-graded) if Oy = 
for j < (j > 0). 

Examples of graded C-varieties are {X,SymQ^{£)) for some locally free graded 
Ox-module £ with finite rank homogeneous components such that £^ = 0. Con- 
versely, if {X,Om) is a graded C-variety with support {X,Ox = Om/Jm) G C, 
then £ = Jm/Jm is a locally free Ox module and {X,Om) is locally isomorphic 
to {X,SymQ^{£}). The obstructions to patch local isomorphisms to a global iso- 
morphic lie in of a certain vector bundle on X. Thus if X is a smooth manifold 
or an affine algebraic variety, then the obstruction vanish and Batchelor's Theorem 
holds: every graded variety with support X is isomorphic to (X, SymQ^(f)) for 
some locally free £ with homogeneous components of finite rank. 

2.3. Po-algebras. A P^-algehra over a field k is a graded commutative algebra 
A = (Bdez^'^ over k with a Poisson bracket [ , ]: A ^ A oi degree 1. A 
differential Pq- algebra is a Po-algcbra together with a differential of degree 1 which 
is a derivation for both the product and the bracket. For completeness (and to fix 
sign conventions) let us write out the axioms for the bracket [ , ] and the differential 
d. For any homogeneous elements a, h, c, 

(i) The bracket is a bilinear map sending A^ (g) A^ to 

(ii) [a,&] = -(-l)(dega-l)(dcg6-l)[^^^]^ 

(iii) [ah,c] = a[h,c] + {-lY''^'"^''^%[a,c]. 

(iv) d{ab) = {da)b+{-lf''^''adb. 
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(v) d[a,b] = [da, 6] + (-l)^'=s''-i[a, d&] 
If S G obeys the classical master equation [S, S] = then the map ds-b^ [S, b] 
is a differential. We call ds a hamiltonian differential with hamiltonian S. 

2.4. Shifted cotangent bundles. Wc consider C-varictics, where C is the category 
of nonsingular algebraic varieties over a field k of characteristic zero or of smooth 
manifolds (with fc = M) or of complex manifolds (with fc = C). Let V be such 
a graded variety with support X and suppose that Oy = for all i < {V 
is Z>o-graded). To V we associate its shifted cotangent bundle M = T*[—1]V 
by the following construction. A (left) derivation of Oy of degree is a section 
^ of the sheaf n°^Q'Hom(0(,, 0(^'') of degree d endomorphisms of Oy such that 
i{ab) = ^{a)b+ {-ly^es "^^(b). Derivations of Oy of degree d form a sheaf and 
Tv = ®dTy is a sheaf of graded Lie algebras acting on Oy by derivation. Then the 
bracket extends to a Poisson bracket of degree 1 on 

which thus becomes a sheaf of Po-algebras. We will need a completion Om oi Om- 
Let F^Om be the ideal in Sym£)^(Ty[l]) generated by elements of degree at least 
p. These sheaves of ideals form a descending filtration of Om = F^Om- 

Definition 2.8. The {—\)-shifted cotangent bundle of V is the graded variety M = 
T*[-l]V = {X,Om), where 

Om =lim Om/^m. 

The inverse limit is taken in the category of Z-graded sheaves, i.e., degree by degree. 

We denote by F^Om the filtration by ideals generated by elements of degree > p 
in Om- It is also the completion of F'p&m- 

Proposition 2.9. Let V he a Z>Q-graded variety and M — T*[~1]V. Then the 
Poisson bracket on Om extends to the completion making Om a sheaf of Pq- algebras 
over k. 

Let Om = SymQ^Ty[l]. The product on Om is compatible with the filtration in 
the sense that F^Om ■ F'^Om C F^'^'^Om, and thus passes to the completion Om 
but this is not true for the bracket, making the statement not completely trivial. 
However, we have the following observation, which suffices to show that the bracket 
is defined on the completion. 

Lemma 2.10. Let p > 0. 

(i) Ifd>-1 then FPOm] C FPOm- 

(ii) Ifd<-1 andp + d>0 then [O^, i^P^M] C FP+'^+^Om- 

Thus the bracket passes to the completion Om = ® j lim<_ and (i), (ii) 

hold for Om replaced by Om ■ 

Proof. Let us adopt the convention that aj ,bj, . . . denote local sections of Om of 
degree j and a,b, . . . sections of unspecified degree. Then, ifd + p+l>0 (which 
is trivially true in (i)), and p' > p, 

[ad, bcp,] = [aa, 6] v ± [od, v]6 e FPOm + F^+p+^Om C f^'^^^P'^^+p+^^Om, 
since Cp' has degree > p and [ad, Cp'] has degree d + p' + l>d + p+l. □ 
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We note that with the same construction we can define T*[—1]N for a Z<o-graded 
variety N. 

Definition 2.11. A Poisson morphism T*[—1]V — )• T*[— 1]W is a map of graded 
varieties respecting the Poisson bracket. 

An etale morphism ip: V ^ W of graded varieties (namely one which is etalc on 
supports and for which ip* is locally invertible) induces a morphism Ty — >■ Tw of 
sheaves of graded Lie algebras, defined hy 9 i-^ oO otp*, and thus induces a 

Poisson isomorphism T*[-l]y T*[-1]VF, called the symplectic lift of ip. 

2.5. Local description. Let X be an n-dimensional nonsingular algebraic variety 
over a field k of characteristic zero. Then every point p £ X has an affine open 
neighborhood U with an etale map f7 ^ A" to the affine n-space. Thus there are 
functions x^, . . . ,a;" G Ox{U) generating the maximal ideal at p and commuting 
vector fields di,. . . ,dn € Tx(U) with diX^ = Similarly if F is a graded variety 
with support X, then U can be chosen so that Ov\u — SymQ^£(C/) where £ is a, 
free Ox-modulc with homogeneous components f of finite rank and £^ = 0. Let 
us assume that Oy = for i < (the case i > is treated similarly). Then there 
are sections /3^, . . . of £{U), such that, for all i > 0, those of degree i are a basis 
of the free Ox{U)-module £^{U). Let be the dual basis of £*[l], so that 

deg/3; = -deg/S-?' - 1 < -2. 

Then Ot'[-i\v{U) = Sym(Tx[l] ®£® £*[1]){U). Its homogeneous component of 
degree j consists of formal power series with coeflacients in Ox{U) whose terms arc 
monomials of degree j in generators = —di £ Tx[i-], i = 1, . . . ,n of degree -1 
and , Pj , j = 1,2, The Poisson bracket is 

[f,x*] = d,f, f&Ox, [P\P*]=Sij, 
and vanishes on other pairs of generators. 

2.6. Associated graded. It will be useful to have a description of the associated 
graded of the structure sheaf Om of the cotangent bundle M = T*[—1]V of a 
Z>o-graded variety V. Let as above F^Om be the ideal generated by sections of 
degree > p and gr Om = (Sp>oFPOm/FP+^Om- Then Rm = Om/F^Om is an 
algebra over Ox = Oy/F^Ov and for eachp, gr^'C'M is naturally an i?M-iiiodide. 
Also there is a natural Ox-hnear map t: Oy — >■ grOiw induced from the inclusion 

C FpOm- 

Lemma 2.12. The composition of l with the structure map of the RM-module 

Rm®Ov ^ Rm® grOn ^ gr^M 
factors through Rm (S>Ox dnd induces an isomorphism of graded algebras 

Rm ®Ox = E^Om- 

Proof. Both the map l and the action of Rm are Ojf-hnear so the map factors 
through the tensor product over Ox- In the local description of the preced- 
ing section Oy = SymQ^£ for some locally free sheaf £. On the other hand, 
F^Om / FP^^Om is a free i?M-module spanned by monomials in Oy of total degree 
p. Thus grOM is a free module over Rm generated by Oy. □ 
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2.7. Poisson center and Poisson derivations. Lot M = T*[— l]y = (X, Cm) 
be the shifted cotangent bundle of a Z>o-graded variety V . The Poisson center Zm 
is the subalgebra of Om of sections z such that [z,g\ = for all sections g £ Om- 
Let kx be the locally constant sheaf with fiber k. 

Proposition 2.13. Zm = kx 

Proof. Using the local description we see that every point of X has an open neigh- 
borhood U such that Om{U) is a completion of a free Ox (t^)-niodule generated 
by monomials in x*,/3^,f3*. The condition that the bracket of z € Zm{U) with Pi 
vanishes implies that /3* cannot appear in the monomials contributing to z with 
nontrivial coefficients. Similarly cannot appear and the vanishing of bracket 
with Ox{U) and with a;| implies that z is locally constant. □ 

A Poisson derivation of degree zero of Om is a vector field D € T{X,T^j) of 
degree zero such that D[a, b] = [D{a), b] + [a, D{b)] for all local sections a, 6 S Om- 
If /i e Om{X)~^ is a global section of degree —1 then a ^ [h,a\ is a Poisson 
derivation by the Jacobi identity. Derivations of this form are called hamiltonian 
and h is called a hamiltonian of the derivation. 

Proposition 2.14. All Poisson derivations of degree zero of Om are hamiltonian 
with unique hamiltonian. 

Proof. The basic case is the one dimensional case: let B be a graded commutative 

ring and A = B[z, z*] = B[z] + B[z]z* where z is an even variable of degree j G 2Z 
and z* has degree —j — 1. Let [ , ] be a Po-bracket such that [z,z*] = 1 and 
[z,B] = = [z*, B]. Then the action of a Poisson derivation on generators has the 
form D{z) = fo + z*fi, D{z*) = go + z*gi with fi,gi e B[z]. The conditions for 
£>(z) and D{z*) to define a derivation arc 

[Diz),z] + [z, Diz)] = 2[Diz),z] = 0, [D{z), z*] + [z, D{z*)] = 0. 

They imply that /i = and gi = — [/o, z*] and it follows that 

(1) h = G^z*fo, 

where G = J godz £ B[z] with Jbz^dz = bz^^^/{j + 1), defines a hamiltonian 
derivation with the same action as I? on z and z*. Thus after subtracting a hamil- 
tonian derivation we get a derivation vanishing on z and z*. Moreover, a Poisson 
derivations obeys [D{b), z] = = [D{b),z*], for all b€ B.lt follows that D{B) c B. 

Thus adding to any Poisson derivation of B[z, z*] a suitable hamiltonian deriva- 
tion we obtain the k[z, z*]-linear extension of a derivation of B. 

Now let D be a Poisson derivation of Om and use the local description to study 
the action of D on Om{U) for some open neighborhood [/ of a point of X. By the 
repeating the above reasoning for each pair , /3* of variables, we may subtract a 
hamiltonian derivation to get a derivation vanishing on , /3* . Note that this works 
even if V is infinite dimensional as the hamiltonian for each pair lies in F^Om with p 
increasing as the degree of increases (in Eq. (1) /i is of degree —1 and G is divisible 
by z of degree j so both terms are a product of an element of degree j and one of 
degree —j — 1). We are left with a derivation of OT*[-i]x(f^) = Symj^^ [1] (J7) 
extended to Om{U) by linearity over fc[/3^ , /?*]. The restriction to Ox{U) is a vector 
field ^ on U. By subtracting a hamiltonian derivation with hamiltonian ^ € T!x[l] 
we may assume that D vanishes on Ox- We claim that D also vanishes on Txfl] 
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and is thus zero. Indeed D maps Tx[l] to itself and being a derivation obeys 
+ = for all ^ G Tx[l], f G Ox; since D{f) = and [D(i)J] is 

the action of the vector field on the function /, we see that D{$) = 0. Then 
D vanishes on generators. Since it preserves the filtration, it is well-defined and 
vanishes on each Om/F^Om, and thus vanishes on the inverse limit Om- 

Now let D G r{X, Ty) be a global derivation of degree zero. Then we have an 
open cover (Ui) of X such that D\u. = [hi, ] for some hamiltonian hi € OuiUi)- 
On intersections Ui n Uj , hi — hj is a Poisson central element of degree — 1 and thus 
vanishes by Prop. 2.13. Hence the hamiltonians hi agree on intersections and are 
restrictions of a globally defined hamiltonian h of degree —1 with D = [h, ]. Since 
the Poisson center is trivial in degree —1, h is unique. □ 

2.8. Duality. The following is an extension of a result of Roytenberg [26], who 
considered the case of smooth graded manifolds. 

Proposition 2.15. Let V ~ (X, Sym^^f) /or some positively graded locally free 
Ox -module £ with homogeneous components of finite rank on a nonsingular alge- 
braic variety. Let = (X, SymQ^£*[l]). Then T*[—1]V is Poisson isomorphic 
to T*[-1]V^. 

Proof. Let us first assume that X is affine. Then £ admits an algebraic connection 
V: Tx — > £nd{£) (the obstruction to the existence of connection lies in H^{Q^ (S> 
£nd{£)) and thus vanishes for affine varieties). Such a connection extends to a map 
of Ox-modules Tx — >■ Der(SymQ^f ). Also the pairing between £ and £* defines 
an inner multiplication (,:£*—)• Der(Symo^f). Then the sheaf of derivations of 
Sym^^f is isomorphic to Tx ® f *, where Tx acts via V and £* via i. Thus 

(2) OT-[-i]y = S^oATx[l]®£®£*[l]). 

By using the dual connection on £* , the same result is obtained for as £ and 
£* [1] are interchanged. It remains to show that the resulting isomorphism respects 
the bracket and that it is independent of the choice of connection, implying that 
the isomorphisms on affine subsets glue to a global isomorphism. For this we work 
locally on an open subset U and use the local description of the previous section. 
Then Ov{U) = Ox{U)[(3^,j € /], Oy-iU) = OxiU)[p*,j G /] and the right- 
hand side of (2) is A{U) = Ox{U)[[x* , , ,i = 1, . . . , n, j G /]]. The degree d 
component of A{U) consists of formal power series with coefficients in Ox{U) such 
that all terms have degree d. Let = J2j fo^' some G Q}{X). Then the 
isomorphism (j): A{U) — ^ CT»[i]y(t^) is 

and the isomorphism : A{U) — >■ Ot*[i]v'^{U) is 

The composition (/)^ o cj)^^ sends di to di, to d/dj3* and d/dj3^ to — /?*, therefore 
it is independent of the choice of connection and it is easy to check that it is an 
isomorphism of Poisson algebras. □ 
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2.9. The group of gauge equivalences. Let M = r*[— 1]^ then , the ho- 
mogeneous component of Om of degree —1, is a sheaf of Lie algebras acting on 
the sheaf Om by derivations (for both the product and the bracket) of degree 0. 
Thus the action preserves the filtration F'Om- Let Im = F^Om be the graded 
ideal generated by elements of positive degree and be the j-th power of Im'- 

= Om; = Im ■ I^i^ ■ Clearly I^^^ c F^Om- 

Lemma 2.16. 

(i) [/^\Om] C/m. 

(ii) Ifd>-1, and J > 0, [I^^\0U C lli^ 

(iii) Letp>l,dG Z. Then [Oj} n O^] C I^^ n FfO^. 

Proof, (i) This follows from the Leibniz rule: [I]^' ,Om\ C Im[Im, Om] C Im- The 
same argument proves (ii) by induction, by taking into account that [Im, Oj^] C Im 
for d> —1, as the bracket of an element of positive degree with one of degree — 1 
has positive degree, (iii) We have [O^^, F^'O^] c FpO'Ij for degree reasons as 
the bracket has degree 1. Similarly, Im is closed under the Poisson bracket and 
therefore [I^\Im] C Im[Im,Im] C I^\ Since F^Om C Im ior p > 1 the claim 
follows. □ 

Corollary 2.17. Let j > 0. Then [/^^ n OM^-^M ] ^ ^m^^^ ■ particular O^^ is 
a pronilpotent Lie algebra acting nilpotently on Om/F^Om- 

Proof. By Lemma 2.16 (iii) for p = 1, we have [I^^ nO]J^ , Im] C and the claim 

follows with the Leibniz rule by induction on j. □ 

Thus the adjoint action of the Lie algebra 0m = Oj^ fl exponentiates to a 
sheaf of groups Gm = exp(ad0M)- 

Definition 2.18. Let g{M) = r(X. 0m)- The group of Poisson automorphisms 

G{M) = exp(adg(A'/)) is called group of gauge equivalences. 

3. Solutions of the classical master equation 

Let C be as in Section 2.4. We formulate most of the statements for C consisting 
of smooth algebraic varieties, but they are valid with slight change of vocabulary 
to the other cases. 

3.1. The classical master equation. Let V he a, Z>o-graded C-varicty with sup- 
port X €C. The classical master equation is the equation [S, S] = for a function 
S e T{X,Ol[) of degree on M = T*[-1]V. If 5 is a solution of the master 
equation then the operator ds = [S, ] is a differential on the sheaf of Pp-algebras 
Om- Moreover, being a derivation of degree 1, it preserves Im = F^Om and thus 
defines a differential on the sheaf of Z<o-graded algebras Om/ Im- 

3.2. BV varieties. 

Definition 3.1. Let Sq be a regular function on X e C. A BV variety with support 

(X, Sq) is a pair {V, S) consisting of a Z>o-graded variety V with support X and a 
function S ^T{X,0%) on M = T*[-1]V such that 

(i) S\x = So- 

(ii) 5 is a solution of the classical master equation [S, S] = 0- 
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(iii) The cohomology sheaf of the complex {Om /Im ,ds) vanishes in non-zero 
degree. 

3.3. Multivalued BV varieties. As the bracket of two functions depends only on 

their differential it is natural to consider a slight generalization where we allow S 
to be multivalued. Let Ox be the Ox module of closed differentials. We think 
of it as the space of "regular multivalued functions modulo constants" , namely as 
formal expressions So = J X where A e fix- 

Definition 3.2. Let Sq G T{X,dx) be a multivalued function on X e C. A BV 
variety with support {X, So) is a pair {V, So + S') consisting of a Z>o-graded variety 
V with support X and a function 5' e r(X, 0%) on M = T*[-1]V such that 

(i) S'\x = 0. 

(ii) 5 = 5*0 + S" is a solution of the classical master equation [S, S] — 0. 

(iii) The cohomology sheaf of the complex {Om / lM,ds) vanishes in non-zero 
degree. 

We notice that ds^ = [Sq, ] is well defined on Om as the bracket involves only 
the derivative of Sq and it is easy to check that it is a differential. Then condition 
(ii) means ds^S' + ^[S',S'] = 0. 

Our results hold in the more general setting of multivalued BV varieties with 
the same proofs, except for notational adjustments. 

3.4. The resolution of the Jacobian ring associated with a BV variety. 

Let {V, S) be a BV variety with support (X, ^o) and M = r*[-l] V. Then Sq = S\x 
is a regular function on X. The complex Rm = [O m / F^OM-,ds) looks like 

>Tx^Ox, 

and the last map is ^ [5'o, = ^{Sq), so the cohomology of Rm is the Jacobian 
ring J{So), the quotient of Ox by the ideal generated by partial derivatives of So- 
Thus Rm is a resolution of J{So)- 

3.5. The BRST complex of a BV variety. 

Definition 3.3. The BRST complexof a BV variety (V, S) is the sheaf of differential 

Po-algebras (Ot.[_i]v, dg). 

Proposition 3.4. The subgroup G{M,S) of gauge equivalences of M = T*[—1]V 
fixing S acts as the identity on the cohomology sheaf of the BRST complex. 

Proof. Let ada be the operator b [a, b]. If exp(ada)5' = S and a € 9{M) then 

/ exp(ad)-id \ _ 
V ada / 

The expression in parentheses is a power series id -I- ^ada starting with the 

identity and is thus an invertible operator acting on Om{X). Thus [a, S] = 0, i.e., 
a is a cocycle of degree —1. Since the cohomology vanishes in this degree, there is 
a 6 e OMiX)-"^ such that a = [S, b]. It follows that 

ada =dso adfc + adt o ds, 

and thus ada is homotopic to the zero map. □ 
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3.6. Products, trivial BV varieties and stable equivalence. If {V',S') and 
{V",S") arc BV varieties with supports (X'.S'o), (X",S'o) then V x V" with 
S = S'(^1 + 1(^S" e r{X' X X", Ov'xv") = r(X' x X", Ov^Ov) is also a BV 
variety, called the product of the BV varieties {V , S'), (V" , S"). It is denoted by 
slight abuse of notation {V x V" , S' + S"). 

Let W = (Bi<oW^ be a negatively graded vector space over k with finite di- 
mensional homogeneous components and set W* = (Bi>o(W*y with {W*y = 
{W~'^)*. Then W may be considered as a graded variety W = ({pt}, SymM^*) 
supported at a point. Its shifted cotangent bundle is T*[— 1]T4^ = ({pt}, Sym(W* ® 
Let dw* be a differential on W* with trivial cohomology and set Sw be 
the element of the completion of W* (g) W[l] in Ot*[-i]w = Sym(W^* W[l]) cor- 
responding to dw' for any homogeneous basis (^•') of W* and dual basis {Pj) of 
W[l], 

3 

Then ({pt}, Sw) is a BV variety with support ({pt}, Sq = 0). Its BRST cohomology 
is k and the BRST complex is Sym(iy* © with differential induced from dw 

on W^* and its dual on W. 

Definition 3.5. A BV variety of the form {W, Sw) for a negatively graded acyclic 
complex of vector spaces W is called trivial. 

The Kiinneth formula implies: 

Lemma 3.6. If {y,S) is a BV variety with support {X,So) and {W,Sw) is a 
trivial BV variety then their product is a BV variety with support {X, So) and the 
canonical map 

Ot*[-1]V C>T'l-i]{VxW) 

is a quasi-isomorphism of sheaves of Pq- algebras between the corresponding BRST 
complexes. 

Definition 3.7. Two BV varieties (y,S), (V,S") with support (X^Sq) are called 
equivalent it there is a Poisson isomorphism $: r*[— l]y — >• T*[— l]y such that 
$*/S" = S. They are called stably equivalent if they become equivalent after taking 
products with trivial BV varieties. 

Remark 3.8. If Rm = (Om /Im, S) is the resolution of the Jacobian ring associated 
with {V, S), see 3.4, then the resolution associated with the product with the trivial 
BV variety (W, Sw) is Rm <8) Sym(W^[l]) with differential 5 id -|- id dw, where 
dw is induced from the differential dual to dw ■ 

4. Existence and uniqueness for affine varieties 

Let So be a regular function on a nonsingular affine algebraic variety over a field 

k of characteristic zero. In this section we prove the existence and uniqueness up 
to stable equivalence of a BV variety with support {X, So). The existence proof is 
an adaptation of the construction proposed in [3,4,18] to our context. The idea is 
to start from a resolution of the Jacobian ring of So and show that there exists a 
BV variety {V, S) with shifted cotangent bundle M = T*[-1]V such that Om/Im 
with the differential induced from ds = [S, ] is the given resolution. 
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4.1. Tate resolutions. Let 5*0 G Ox{X). The Jacobian ring J{So) of 5*0 is 
the cokernel of the map 6: Tx — >■ Ox sending ^ to ^{So). The first step of 
the existence proof is the extension of (5 to a Tate resolution R of the Jaco- 
bian ring, namely a quasi-isomorphism of differential graded commutative Ox- 
algebras {R, 6) — > ( J(S'o), 0) such that R — Sym^^ (W) for some graded Ox-module 
W = (Sj<-iW' with locally free Ox-modulcs such that W'^ = Tx- See the 
Appendix for more properties of Tate resolutions. 

By construction, W = Tx[l] where £ is concentrated in positive degree. 

Tate resolutions exist by the classical recursive construction of Tate [32]; assume 
that W is constructed down to degree — d in such a way that the negative degree 
cohomology of Sym^,^ (W) is zero down to degree —d. Then the cohomology of 
degree —d is a finitely generated Ox-module so that it can be killed by adding to 
W a direct summand of degree —d — 1. 

Given a Tate resolution, let V = (X, Sym^^ (£)) the corresponding graded vari- 
ety and M = T*[-1]V its (-l)-shifted cotangent bundle. We have 

Om = S^o^ {Tx[l]®£® £*[!]), 

and R is identified with the quotient Rm = Om/F^Om by the ideal generated by 

elements of positive degree. 

The first approximation to a solution of the master equation is ^o-l-^lf where 

the restriction <5|f.[i] € Hom(£'*[l], {Sy^{Tx[l] ® f*!:]))!:]) of 6 to £* is viewed as 
an element of f (g)Sym(T*[l] £*[!]) C Om(X)- More explicitly, 

i 

for any basis /3* of £ and dual basis p* of £* . Although Sun does not obey the 
master equation, its hamiltonian vector field [6*1111, ] does define a differential on 
the associated graded of Om- 

Proposition 4.1. The operator [Sun, ] preserves the filtration F*Om and thus 
induces a differential on the graded Ox -algebra gr Om- The canonical isomorphism 
gr Om — Rm ^Ox Oy (see Lemma 2.12) identifies the differential with 6 (g) id. 

Proof. The operator preserves the filtration because it is of degree one. Let us 
compute the action of [^un, ] on the associated graded starting with Rm = gr^Ojvf: 
Rm is a locally free graded Ox-module whose generators are the classes of a;*, a 
local basis of Tx[— 1] and of /?*, a local basis of 1]. The non-zero brackets 
are = OJ, f € Ox and = Sji. Thus [Sun,x*] = diSo mod F^Om 

and [Siin,P*] = 5P* moAF'^OM. Also [5ii„,Ox] = mod F^Om- Thus [5ii„, ] 
coincides with 5 on Rm = gr°OM- The claim in the general case follows from the 
fact that if o e Oy = Sym^^ {£) has positive degree p then [Sun, a] has degree pH- 1 
and thus vanishes modulo F^^^Om- D 

Remark 4.2. Note that gr Om is bigraded, with 

gr^'-^OM = F^Ol,/F^+^Ol„ 
and nonzero components for p > max(g, 0). 
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4.2. BV varieties associated to a Tate resolution. Let Im = F^Om be the 
ideal generated by elements of positive degrees and Ij^ its j-th power, cf. Section 
2.9. 

Lemma 4.3. [/^^ n O^.F^Om] C FP+^Om 

Proof. Let us again adopt the convention that aj ,bj, . . . denote arbitrary local 
sections of degree j and a,b, . . . sections of unspecified degree. Then an ele- 
ment of F^Om is a sum of terms of the form ahpi with p' > p and if cq S 
J^'' n 0\j, [ci},abpi] — [co,a]6p' ± [cQ,bpi]a. The bracket in the second term has 
degree p' + 1 so the second term is in By Lemma 2.16, the first term belongs 

to [I^^\Om]FpOm C ImFpOm C Fp+^Om. □ 

Thus C\Om acts trivially on the associated graded. In particular any S G 
such that 5 = 5iin mod I\/ will induce the same differential as Sn^ on gr Om- The 
idea is to construct a solution of 5 € r(X, Om) of the classical master equation 

(2) 

such that S = S\\n mod 1^ ■ This is done recursively: 

Definition 4.4. Let R = {Om/Im,S) be a Tate resolution of the Jacobian ring 
J{So) with M = T*[—1]V and be the corresponding hamiltonian function. We 
say that a solution S G T{X,Om) of the master equation is associated with R if 

S = S'lin mod I^^ . 

Theorem 4.5. Let So e 0{X). Let R = {Om/Im,S) be a Tate resolution of 
the Jacobian ring J (So). Then there exists a solution S G Om{X) of the classical 
master equation 

(3) [S,S]=0 

associated with R. If S' is another solution with this property then S' = g ■ S for 

sorn,e gauge equivalence g G G{M). 

4.3. Proof of Theorem 4.5. 

(a) Filtration and bracket. The following Lemma gives a compatibility condition 
between bracket and filtration needed for the recursive construction of the solution 
of the classical master equation. 

Lemma 4.6. Let p > 0. 

(i) [FPOl„OU^FPOl. 

(ii) [FPOl„FPOl,]cFP+^0\,. 

Proof Clearly [0°^, 0%] C since the bracket has degree 1. Also F^Ol^ = O]^ 
so if p = there is nothing to prove. So let us assume that p > 0. Let ai,bi, . . . 
denote general local sections of Om of degree i. Then, for j > p, the bracket 

(4) [a-jbj , Co] = a-j [bj , cq] ± bj [a-j , cq] 

lies in F^Om since deg cq] = j + 1 > p + 1 >p and deg bj = j >p. This proves 
(i). Now let us assume that cq € FPOIj. If j > p, or if cq € FP+^OIj (ii) follows 
from (i), so let j = p and cq = d-pCp. Then the first term in (4) is in FP~^^Om and 
the second term is 

bp[a-p, Co] = bp {[a ± [a-p,ep]d-p) e FP~^^Om, 

since degbpCp = 2p > p and deg[a_p, Cp] = 1. □ 
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The construction of 5* and the construction of the gauge equivalence in the 
uniqueness proof both rely on the vanishing of the cohomology of a complex of 
sheaves, that we now introduce. Let < q < p. Let 

TTp-. PPOM^gr^OM, 
be the canonical projection and consider the subcomplex of gr^* Om 

Lemma 4.7. 

w{T{x,g;^^)) = o, ifj<p. 

Proof. The canonical isomorphism grOM — {Rm ®Ox ^v,^ ® id) of Lemma 2.12 
identifies G*^ with with Rm "^Ox i^v^ ^^v)- cohomology sheaf W{X, G'^q) is 
zero in degree j < p because the cohomology groups of Rm are trivial in negative 
degree and ly^ is a locally free Ox-module. Since X is afRne and Gp,q is quasi- 
coherent the same holds for the complex of global section. □ 

(b ) Existence proof. We prove by induction that for each p > 1 there is an S<p G 

T{X, 0%) such that 

(i) S<p = Siin mod 

(ii) [S<p,S<p]Gl^^^nFP+^OM, 

(iii) S<p+i = S<p mod Fp+^Om- 

We set S<i = S\in Then obviously (i) holds for p = 1 and (iii) does not apply. To 
prove (ii) for p = 1 we use the local description and choose a local basis of sections 

/3' of generators of Oy with dual sections /?*, see 2.5. Then S\in = So + J2i ^l^t^^- 
Using the fact that [5*0, So] = [So^ =0, we obtain 

(5) [5<i, 5<i] = 2 ^[5o, 5p*]f5^ + ^[^/3*/3^ 5f5*n 

3 i,3 

The summand in the second term modulo can be written as 

[5P*P\5P*P^\ = 5p*[P\5p*]p^ +5P*[p\5fi*\p' mod/i^^ 
= [5P:P\5P*]P^ + [5fi*fi\5p*\p' mod 
Summing over i,j and inserting in (5) yields 

[5<i,S<i] = 2YyS<u5p*]p^ mod/i^' 



2Y,5\P*)fi^ mod/ 



(2) 
M 



= mod I^^. 
For the induction step we write 

S<p+i = S<p + V, 

with V e V{X,I^^ n FP+'^0\j) to be determined. Then 5'<p+i obeys (i) and 
(iii). As for (ii) wc notice that by Proposition 4.1, \S<p,v] = [S\in,v\ = 5v 
mod FP^'^Om where 5 is the differential of gr Cm, and, by Lemma 4.6 (ii), [v, v] = 
mod Fp+'^Om- Thus 

[S<p+x, S<p+x] = [S<p, S<p] + 25v mod FP+^Om- 



18 



GIOVANNI FELDER AND DAVID KAZHDAN 



On the other hand, by the Jacobi identity, Lemma 4.3 and Proposition 4.1, 
= [S<p, [S<p, S<p]] = S[S<p, S<p] mod FP+^Om. 

Then [S<p,S<p] mod F^+^Cm e r(X, CJp^^ j) is a cocycle of degree 1. Since 

by Lemma 4.7 the cohomology vanishes in degree p + I > 2 there exists a i; G 
r(X,go+i_2) with 2dv + [S<p,S<p] EE mod FP+^Om- Let v e T{X,FP+^OIj Ci 
) such that 'KpV = v. Such a hft certainly exists locally and, because X is affine, 
also globally. Then 5<p+i = S<p + u is a solution of the master equation modulo 
Fp+'^Om- 

It remains to show that [S<:p+i, S<p+i\ G I\j . It is clear that Im is a Lie 

subalgebra. Thus [v,v\ G and [S<p,v] = [So,v] mod since S<p = So 

mod Im- But clearly [So,Im] C Im and therefore [So,v] e I^^ for v e I^\ 
This completes the induction step. 

(c) Uniqueness up to gauge equivalence. Next we prove the transitivity of the action 
of the group of gauge equivalences on the space of solutions S of the master equation 
associated with a given Tate resolution {Rm,5). Assume that S,S' are two such 
solutions. Since both S and S' are congruent to modulo I^^ , we know that 

(6) S-S' = mod /^^ C F^Om. 

The proof is by induction: we show that if S — S' € FpOm{X), with p > 2, we can 
find a gauge equivalence g such that g ■ S — S' S T{X,FP~^^Om)- This induction 
step is done by a second induction: for fixed p let us suppose inductively over q 
that the difference between the two solutions is a section of I^j^f nFPOM + FP~^^OM 
with p > q >2 and show that we can find a gauge equivalence g so that 

g-s-s'e r{x, 4f n FPOm + fp+^Om). 

Since Im'^^^ C FP'^^Om this shows by induction that we may achieve that S — S' = 
mod Fp~^^Om and in fact, because of (6), in n Fp+^Om, completing the 
induction step in p. So let us assume that v = S-S' isa section of /^^ n FpQm + 
Fp+^Om with p>q>2 so that it defines a section 

v&T{x,gl^). 

Since S and S' both obey the master equation, we see that = [5 + S", — S"] = 
[S+S", v] = 25v mod Fp^^Om and thus t; is a cocycle. As the cohomology vanishes 
in degree (it starts in degree p>2),v is exact and there exists a u e V{X,Q~^) 

such that 5u = v. Let u e r(X,/[f n FPOj}) be a lift of u, so that v = [S,u] 
mod FP^^Om- As in the existence proof, it is clear that such a lift exists locally 
and we use the fact that X is affine to show that it exists globally on X. Since 
[u,S] = —[S, u], we have 

v+[u,S]€r{X,FP+^OM). 

Let g = exp(ad„). Then 

g ■ S — S' = g ■ S — S + V 

= v + [u,S] + ^[u,[u,S]] + --- 

= ^[u,[u,S]] + --- mod FP+'Om. 
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By Lemma 2.10 (i) and Lemma 2.16 (ii), [u, S] G FPO^n/^^ also u G /m so 
by Lemma 2.10 (i) and the fact that [7^\ 7^^] C we conclude that [u, [u, S]], 

and by the same argument any of the higher brackets in the sum, is a section of 

I'^'^^^nFPOlj. Therefore g-S-S' G T{X, l'^'^^^ HEPOm +FP+^Om), as required. 
The proof of Theorem 4.5 is complete. 

4.4. Relating Tate resolutions. Let X be afRne and (V, S), (V, S') be two BV 

varieties with the same support {X,So)- Set as above M = T*[—1]V, M' = 
T*[-1]V'. Then the quotients Rm = Om/Im, Rm' = Om'/Im' by the ideals 
generated by positive elements are both resolutions of the Jacobian sheaf of rings 
J {So)- Let us first consider the case where Rm is isomorphic to Rm' as a differen- 
tial graded algebra by an isomorphism that is the identity in degrees — 1 and (so 
that in particular <^ is a morphism of Ox-modules). 

Proposition 4.8. Suppose (f: Rm Rm' is an isomorphism of sheaves of differ- 
ential graded algebras which is the identity in degree and —1. Then (p is induced 
by a Poisson isomorphism M' — > M sending S to S' . 

Proof. We use the duality, see 2.8, to represent Rm as Om'^/Im'^ with = 
T*[_l]yv By construction Oyv = Ox <S 0j<_2 C'^.v It follows that derivations 
of Oyv of degree > 2 vanish on Ox- Conversely, any derivation vanishing on Ox 
is in the Cv'-submodule generated by derivations of degree > 2. Such derivations 
correspond to elements of positive degree in Tyv[l]. Therefore /mv is the ideal 
of Cmv = Sym^^^ Ty v [1] generated by derivations acting trivially on Ox ■ Thus 
Om'^ /Im'^ is the symmetric algebra over Oy v of the quotient of Tyv [1] by the 
derivations acting trivially on Ox- The latter quotient is canonically Oyv i^o^ 
Tx[l]. Thus 

Om^/Im^ = Ov^ <^Ox Symc,^Tx[l]. 
By assumption, acts trivially on the second factor and the restriction to Oy v lifts 
to a Poisson isomorphism i>: Omv ©(m')^ which coincides with on Oyv. To 
show that <I> induces (p on Om^ /Im'^ it remains to show that $ induces the identity 
on Txll] = (Tyv /Ann Oj!c)[l]. But this follows from the fact that ip is the identity 
on Ox'- the restriction of the image o ^ o of a derivation ^ to Ox is 

Thus ^{S) is a solution of the master equation in Om'{X) associated with the 
same Tate resolution R' as S' . By Theorem 4.5, S' = g o $(5) for some Poisson 
automorphism g G G(M'). □ 

Let R J{So) be a Tate resolution of the Jacobian ring and let {W, Sw) be an 
acyclic negatively graded complex of fc- vector spaces with finite dimensional homo- 
geneous components. Then the differential 5iv[i] extends uniquely as a derivation of 
Sym(VF[l]) and (Syni(W^[l]), (5iy[i]) is a differential graded algebra with cohomology 
= k. The tensor product i? (g) Sym(W^[l]) is another resolution of J{So)- 

Proposition 4.9. Let Rj — >■ J{So), j = 1, 2 be Tate resolutions extending S: Tx 
Ox- Then there exist acyclic negatively graded complexes Wi,W2 of k -vector spaces 
and an isomorphism of differential graded commutative algebras 

Ri Sym(W^i[l]) ^ i?2 Sym(VF2[l]), 

that is the identity in degree —1 and 0. 

We prove this Proposition in a slightly more general context in Appendix A. 
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Theorem 4.10. Any two BV varieties with support (X, 5o) are stably equivalent. 

Proof. Let (Vi,5'i), {V^.S^) be BV varieties with support {X,Sq). Let 
(i?2,^2) be the corresponding Tate resolutions. By Prop. 4.9 there are acyclic 
negatively graded complexes Wi, W2 and an isomorphism of differential graded 
commutative algebras Ri (S) Sym(M^2[l]) = i?2 ^ Sym(T4^2[l]), which is the identity 
in degree and —1. Then the product of {Vi,Si) with the trivial BV varieties 
{Wi,Swi), see Section 3.6, give stably equivalent BV varieties whose Tate reso- 
lutions are isomorphic by Remark 3.8. By Prop. 4.8, the BV varieties Vi x Wi, 
V2 X W2 are equivalent. □ 

Together with Prop. 3.6 this implies: 

Corollary 4.11. If(Vi, Si) and (V2, >S'2) are BV varieties with support {X, So) then 
there exists a BV variety {V,S) with support {X,So) and morphisms of sheaves of 
differential Po-algebras 

between the corresponding BRST complexes, inducing isomorphisms on the coho- 
mology. 

4.5. Adding a square. 

Proposition 4.12. Let {V.S) be a BV variety with support (X, S'o). Let X' = 
X X and S'q = Sq + at^ e 0{X'), where t is a coordinate on and a G . 
Then {V = V x A^, S' = S + at^) is a BV variety with support (X', S'^) and the 
corresponding BRST complexes are quasi-isomorphic differential Po-algebras. 

Proof. The argument is similar to the one for trivial solutions: we are taking the 
product with the BV variety {A^,at^). Its shifted cotangent is T*[— 1]A^ with 
coordinates t, t* and differential such that t^O,t* ^ 2at which is clearly acyclic. 
Thus the natural map OT*[-i\v ^ Ot'[-i]v' is a quasi- isomorphism of sheaves of 
differential Po-algebras by the Kiinneth formula. □ 

4.6. Automorphisms of a BV Vctriety. 

Theorem 4.13. Let {V, S) be a BV variety andcj): T*[-1]V T*[-1]V a Poisson 
automorphism preserving X such that (j)*S = S. Then <p* induces the identity on 
the cohomology sheaf of the BRST complex. 

Proof Let M = T*[-1]V and F = (j)*: Om ^ Om- The automorphism F induces 
an automorphism / of the sheaf of differential graded algebras Om /Im ■ Then / and 
id are both automorphisms of the Tate resolution Rm = Om / Im of the Jacobian 
ring that arc the identity in degree and —1 and are thus related by a homotopy 
H, namely a morphism of differential graded algebras Rm — Rm [t, dt] such that 
evo o H = id and evi o H = f, see Lemma A.l in the Appendix. In more detail, 

H = ft + dtht, 

and ft is a morphism of differential graded algebras Rm RM[t] = Rm 55 A: k[t] 
which is the identity in degree and —1. Its fc[t]-lincar extension RM[t] RM[t] 
is not invertible in general, but since it is at t = and t = 1, we can invert 
it at the generic point. More precisely, in each degree i we have a rational map 
(/t""^)* £ End(i^i^^) (g)/c k{t) regular at i = and t = 1, and such that (/q""^)* = 
id and = /"^l/j* • This map is the inverse of ft\RM f in a Zariski 
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open subset Ui of containing 0, 1. Wc next use Prop. 4.8 to lift ft to a family 
of Poisson automorphisms of Om- Recall that the lift is constructed using the 
duality isomorphism T*V = T*V'^ . Under this identification a morphism of Tate 
resolutions is the same as an automorphism of Oyv and the lift is the canonical 
symplcctic lift of an automorphism of the base of a cotangent bundle. The latter 
is given in terms of /( and f^^ and thus the lift is defined for all t for which f^^ 
is defined. Moreover the action of the lift on generators of degree bounded by n is 
defined by the restriction of ft, f^^ to i?]^^ for finitely many i depending on n. The 
result is that there is a family Ft of automorphisms of Om given by a sequence of 
compatible maps 

Om/F-pOm ^ Om/FWm. 

parametrized by t in a Zariski open (j3-dependent) subset Vp (an intersection of 
finitely many Ui) of containing and 1. By construction Fq is the identity and we 
may assume (by possibly composing Ft with a gauge equivalence of the form cxp(ta), 
a € g{M)) that Fi = F. Thus St := Ft{S) G lim^ 0{M) (gi k{t)/FPO{M) (gi k{t) is 
a family of solutions of the master equation for the Tate resolution Rm- It is given 
by a compatible sequence s[^'^ — St mod F^Om that is defined for t in the open 
set Vp <Z h} containg and 1 and such that Sq = Si = S. 

The next step is to replace Ft by Gt o Ft for some gauge equivalence Gt such 
that Gt{St) = S and such that Gq ^ Gi — id. We need to check that Gt can be 
chosen this way and that it is defined when Ft is. The construction of a gauge 
equivalence relating two solutions of the master equation associated with the same 
Tate resolution is done recursively in the filtration degrees, sec part (c) of the 
previous section, and the induction step relies on the vanishing of the cohomol- 
ogy of the complexes Qp^q of locally free Ox-modules of finite rank. Now St — S 
mod FPO{M) vanishes at t = and t = 1 and is defined for t E Vp. In other words 
St-S€ 0{M)/FPO{M) ® t{l - t)k[Vp] where k[Vp] C k{t) is the space of rational 
functions that are regular on Vp. Thus the construction of the previous section 
applies to the complex Qp ^ (E)k t{l — t)k[Vp] (the tensor product with the free and 
thus fiat Ox-module Ox <^k t{l — t)k[Vp]) gives recursively a gauge equivalence Gt 
such that Go = Gi = id and Gt{St) = S, as required. 

We thus have a compatible family of morphisms f/^^ e Find{OM / F^Om) <S) 
k[Vp] whose value at every t G is an automorphism such that FfP\s) = S 
mod FPO{M), so that F^p^ commutes with dg. The inverse limit Ft is defined for t 
in a countable intersection of Zariski open subsets and is given by a sequence Fj-P^ 
each parametrized by i in a Zariski open subset of A^. 

Claim: F^^'^ acts trivially on the cohomology [Om / FPOM,ds) for p large 
enough depending on j. To prove this claim we use the following result. 

Lemma 4.14. For any j there exist a po{j) such that {Om / FPOm^cLs) — 
WiOM,ds) for aUp>pa{f). 

This Lemma is proved in Section 5, see Theorem 5.1. Given the claim, it also 
implies that F = Fx acts trivially on the cohomology. To prove the claim, we take 
the derivative Ft of Ft with respect to t. 

The endo morphism Fj^^ oFj is a Poisson derivation of degree of OT*[-i\v- By 
Prop. 2.14 all Poisson derivations of degree zero are uniquely hamiltonian. Thus 
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there exists an element Kt of degree —1 such that 

As above, these expression have to be understood as sequences of famihes of endo- 
morphisms of Om / F^Om parametrized by i € V^. By the uniqueness of the Hamil- 
tonian, Kt is defined whenever Ft is. As Ft{S) = S, we see that Kt is a cocycle: 
[S, Kt] = 0. But by Theorem 1.3 (i) (proved in Section 5) the cohomology in degree 
-1 is trivial, so there exists a family of elements e T{X, 0{^/FpO{^) (g) k[Vp] 
for p large of degree —2 such that Ki = [5, L^^^] mod F^Om- With the Jacobi 
identity we obtain the homotopy formula 

o Ft{a) = [S, [4^\a]] + [4^1 [S, a]],a e O'^/F^O'^, 

from which it follows that the action on the cohomology is trivial. □ 

Theorem 4.13 implies that the BRST cohomology is canonically associated with 

5*0 in the afhne case. 

Corollary 4.15. Let Sq be a function on a nonsingular affine variety X over k. 
Then the BRST cohomology sheaf %* {V, S) is determined by {X,So) up to unique 
isomorphism. 

Proof. By Lemma 3.6 the BRST complexes of BV varieties differing by taking 
products with trivial BV varieties are canonically quasi-isomorphic. By Theorem 
4.10 any two BV varieties with support {X,Sq) become equivalent after taking 
such products. The equivalence induces a quasi-isomorphism of the corresponding 
BRST-complexes as differential Po-algcbras. By Theorem 4.13 any two equivalences 
differ by an automorphism, so they induce the same map on BRST cohomology. □ 



5. Computing the BRST cohomology 

The BRST complex of a BV variety {V, S) with support {X, Sq) is a sheaf of 
differential graded Po-algebras over X. We consider here the cohomology sheaf 
niV, S) of the BRST complex. We set M = T* [-1]V and use the local description 
of Om of 2.5. 

5.1. The spectral sequence. The main tool for the computation of the BRST 

cohomology is the spectral sequence of the filtered complex {OM,ds)- Recall that 
the sheaf of Jacobian rings J{So) is by definition the cokernel of the map dSo : Tx — 
Ox. 

Theorem 5.1. Let {V, S) he a BV variety with support {X, Sq). 

(i) There is a fourth quadrant spectral sequence degenerating at E2 such that 

EP,, ^ i^^JiSo) ®Ox Ov,di), ifq = 0, 
' \0, ifq^O. 

The differential di is described as follows. Let S^^^ the component in 
T{X,Tv[l]) ofS€ T{X,Syma^Tv[l]). Then the derivation S'(i) vanishes 
on the kernel of the canonical projection Oy — >■ J{So)'E>OxOv ■ The induced 
differential on the image is di. 
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(ii) This spectral sequence converges to the cohomology S). More precisely, 
the edge homomorphism 

is an isom,orphism of graded commutative algebras. 

(iii) The natural map W {Om, ds) — W {Om / F^'^^Om) is an isomorphism for 
j <p and a monomorphism for j = p. 

Proof. The first term in the spectral sequence of the filtered complex is (see, e.g., 
[9, Chap. XV, §4]) 

By Remark 4.2, Eq lives in the fourth quadrant p > 0,q < and, as a sheaf of 
fc-algebras, 

where {Rm = Om/Im, S) is the resolution of J{So) associated with S. By Prop. 4.1, 
the differential is 5 id. It follows that 

J{So)^o^O^, if (7 = 0, 
0, iiq^O. 

Let us compute the differential di : Ef'° — ^ Ef^^'° by decomposing S according to 
the power in the symmetric algebra: 

S = S^°^ + 5^1) + 5(2) + . . . , with e T{X, Sym.^^Tv[l]). 

Since the natural map F^O^/Fp+^O^ = EP'° is an isomorphism, we may 

compute di by acting with ds on representatives in Oy. We have S{0) = Sq and 
thus [S'^°\Oy] = 0. Let be the ideal of Om generated by elements of negative 
degree. Then, if j > 2, S^^^ &Im-Im and thus [S'^^\Ol] C iMnO^J-^ C Fp+'^Om- 
Hence for a e O^, and j > 2 the class of [S'^^\a] in EP+^^° PP+'^Olj^ /PP+^Olj^ 
vanishes. By definition of the Poisson structure on Om, the bracket of >S(^-* with 
Ov is the action of S^^^ viewed as a derivation. 

Since Sf'* = for ^ 0, all higher differentials vanish for degree reasons and 
the spectral sequence degenerates. 

It remains to show that the spectral sequence converges to the cohomology 
H{V, S). Recall [9, p. 324] that a descending filtration ■■■ D PPA D PP+'^A D • • • 
of a cochain complex A is called regular if for each m there exists a po = Po("t^) such 
that the cohomology H^^{PPA) vanishes for p > po. By [9, Chap. XV, Prop. 4.1] 
the spectral sequence of a regular filtration converges to the cohomology. 

Lemma 5.2. Suppose ■■■ D PPA D PP^^A D ■■■ is a filtration of a cochain 
complex {A,d) such that, for each j, the natural map 

(7) A^ ^\im Ay PPA^ 

is an isomorphism and assume that eP'^~p = H^(PP A/ PP'^^ A) = forp > po{m) 
sufficiently large. Then H™{PPA) = for p > po{m) and thus the filtration is 
regular. 

Proof. Let p > po and z G pPA^ be a cocycle representing a class in H"^{FpA). 

By the assumption on Ei, z = dyo mod PP'^^A for some j/o G PPA™~^. Thus 
z — dyo S PP'^^A and by the same argument we find yi & PP^-^A such that z — dyo — 
dyi e PP+'^A. Iterating we conclude that z = d{yo H h ?/r) mod ^^+'-+1^'"-^ 
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for sonic i/j e pp+i A™ ^. The sequence {ya + ■ ■ ■ + yr)r>o defines an element of 
liTji^FPA"'-'^/FP+'^A"'-'^. Let y G pPA""-^ be its inverse image by the isomor- 
phism (7). Then z = dy and it follows that H'^iPPA) =0. □ 

Since the completed complex Om obeys (7) and the assumption on Ei holds 
with po(rn) = m + 1, we have 

(8) W^{FPOm, ds) = 0, for p > m 

and the proof of convergence is complete. For the statement about the map 
nP{V,S) E^'" sec [9, Chap. XV, Theorem 5.12]. Since the product is com- 
patible with the filtration, the edge homomorphism is an algebra homomorphism. 

The statement (iii) follows from the long exact sequence associated with the 
short exact sequence 

^ FP+^Om ^Om^ Om/FP+'Om ^ 0, 
and (8). □ 

Remark 5.3. Theorem 5.1 shows that although in general Tate resolutions require 
in general an infinite dimensional V, computing the BRST cohomology in a given 
degree is a finite process: computing W{V,S) requires knowing S modulo F^~^^, 
which in turn can be computed from the Tate resolution down to degree —j— 1. 

Corollary 5.4. The BRST cohomology sheaf vanishes in negative degree. 

Proof. This is obvious as E2 = 'HiV, S) is the cohomology of a complex Ei concen- 
trated in non negative degree. □ 

5.2. BRST cohomology in degree 0. Let us compute VP{V, S) from the spectral 
sequence: 

= Ker(di : J(5o) ^ ©[=1 J(5o)/3^), 
where /3^, . . . , /J'' is a local basis of the locally free Ox-module Oy. The differential 
di is induced from the bracket with the terms in S linear in the dual variables 
X* e O^. To compute it we need to construct a Tate resolution down to degree 
-2. 

The Lie algebra L{Sq) = e Tx\ ^{Sq) = 0} acts on the algebra J(5o) by 

derivations. The vector fields S^{So)ri — ri{So)^, for ^,77 € T, act by zero and span 
a Lie ideal Lq{So). Let L°*(S'o) = L{So)/ Lo{So). It is a Lie algebra and an 
Ox-module and comes with an Ox-linear Lie algebra homomorphism L'^^{So) — >■ 
Der(J(5o)). As Lq{So) acts trivially on J(S'o), the action of L^^{So) on J(S'o) is 
defined and we have 

(9) J(5o)^(^«) = J{So)'^"^^°\ 
Proposition 5.5. n"{V,S) = ,/(S'o)^(^°) 

Proof. The Tate resolution down to degree —2 looks like 

r 

• • • ^ A^Tx ® 0Ox^* ^ Tx ^ Ox. 

The map A^Tx Tx sends ^ A 77 for vector fields ^, 77 e Tx to ^{So)v - v{So)^- 

Its image is Lo{So). Since the cohomology must vanish in degree —1, S must 
map generators /3* of degree —2 to vector fields = 6 {(3*) which together with 
Lo{So) span the kernel L{Sq) of dSo- Tx — Ox- In other words the classes of 
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generate the Ox-module L°"(5o). Next we use the fact that di is given by the 
induced action of the component in r(X, Ty[l]) of S. Now S = S^^ mod 1)^' 
The only term contributing to di : J{So) ^ 0, J(S'o)/3* is then Y, HPt)l3' = E 6/3* 

(2) 

appearing in 51111: indeed, by degree reasons, the terms linear in Ty [1] in Ij^' cannot 
have a component in Tx[l] and thus vanish when acting on J{So). Therefore dif = 

E[6/3%/] = ^^i{f)0^- Thus the kernel consists of elements of J{Sq) annihilated 
by vector fields spanning L{SqY^ . By (9) this proves the claim. □ 

Corollary 5.6. Let {V, S) be a BV variety with support {X,So) and suppose that 

So has no critical points. Then %{¥, 5*) = 0. 

Proof. In this case J(S'o) = and thus i?2 = 0. □ 

Thus the sheaf 'H(y, S) has support on the critical locus of 5*0. 

5.3. Hypercohomology. The BRST cohomology H(V, S) of a BV variety with 
support {X,So) is the hypercohomology of the BRST complex of sheaves. Then 
there is a hypercohomology spectral sequence converging to i/''+*(V, S) and whose 
i?2-term is 

E^'" = HP{X,n''{V,S)). 
The results on in non-positive degree imply: 

Corollary 5.7. The BRST cohomology of a BV variety {V, S) with support {X, Sq) 
vanishes in negative degree and 

H°{V,S)=T{X, J{So)^^^°^). 

Also, there is a second hypercohomology spectral sequence whose -Ef '"^ term is 
the p-th cohomology of [S, ] on H'^{X,Om)- If X is affine, the hypercohomology 
coincides with the cohomology of global sections and we obtain: 

Corollary 5.8. Let X be an affine variety. Then 

H'{V,S) = H'{r{X,OT'[_,]v),ds). 

If X is affine, the BRST cohomology is determined up to unique isomophism by 
{X, So), see Corollary 4.15. It then makes sense to define the BRST cohomology of 
{X, So) as 

H*{X,So)^H%V,S), 

for any choice of {V,S) with support {X,So). From the Mayer- Vietoris sequence 
we then obtain: 

Corollary 5.9. Let X be an affine variety. Suppose that the critical locus of 
So G r{X,Ox) has two disjoint components Ci C Ui, C2 C U2 contained in open 
sets Ui, U2 such that Ci n C/2 = = C2 n J/i. Then 

H*{X,So) = H'{Ui,So\uJ(BH'{U2,So\u,). 
6. Examples 

In this section we discuss some examples of functions So and corresponding BV 
varieties {V,S), see Definition 3.1. 

The simplest non-trivial examples are the quadratic forms. 
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Example 1. Suppose that 5*0 = ai(a;^)^ + • • • + aj{x^)^ e k[x^, . . . for some 
Ui G with < j < n. Then we can choose the Tate resolution 

R=k[xl,...,x*„,p;+„...,p*„], deg«) = -l, deg(/3*) = -2, 

and 6{x*i) = 2aix\ ) = x*i [i > j). Then 

n 

S = Sq+ ^ x*/?' 
i=j+i 

is a solution of the classical master equation. The BRST cohomology is one- 
dimensional concentrated in degree 0. Indeed this example is obtained from the 
zero example {X = {pt},S'o = 0) by adding squares (Prop. 4.12) and taking the 
product with trivial BV varieties, see 3.6. 

Example 2. Let S'o be a regular function on a nonsingular afiine variety X. Sup- 
pose that T{X,Tx) is spanned by vector fields ^i, . . . with the property that 
^1(5*0), . . . ■Cn{''^'a) form a regular sequence. Then wc can choose SymQ^(Tx[l]) — 
ATx, the exterior algebra of the Ox-module Tx, as a Tate resolution: it is the 
Koszul resolution associated with the regular sequence. Then S = So and the BRST 
complex is concentrated in non-positive degree and has cohomology H'^{V.S) = 
J(S'o), {V, S) = 0, j 7^ 0. This class includes the case of isolated critical points. 

Example 3. (Faddeev-Popov action) Let 5 be a finite dimensional Lie algebra over 
k acting on a nonsingular algebraic variety X. We assume that the action of g 
is infinitesim,ally transitive on the fibers of a flat morphism n: X ^ Y with Y 
smooth and irreducible smooth fibers, namely that it is given by a Lie algebra 
homomorphism 6: Q ^ T{X,Tx) such that (a) 9{q) C T{X,Tx\y) where Tx\y is 
the sheaf of vector fields tangent to the fibers and (b) the action 9: Ox <E)g ^ Tx\y 
is an isomorphism of Oj^ -modules. For example it: X ^ Y could be a principal 
G-bundle where G is a connected algebraic group whose Lie algebra is q. 

Suppose that 6*0 G T{X^OxY the pull-back of a fimction Soy on Y with 
isolated critical points. Then a BV variety with support (X, 5*0) is given by the 
classical construction of Faddeev and Popov in the context of gauge theory [16]. 
The graded variety V is {X, Oy) where Oy = Ox <?> Ag* with q* in degree 1. Thus 

OT*[-i]y = AOxTx O Symg (g) Ag*, 

with g in degree —2 and Tx in degree —1. The solution of the master equation is 
S = So + a + b, where a € Tx (X) 0* = Hom^ (g, Tx ) is the infinitesimal action and b G 
A^0*(g)0 = Homfc(A^0,0) is (-1/2) times the bracket. More explicitly, let /3^, . . . ,/?'" 
(the "Faddeev-Popov ghosts" ) be a basis of 0* with dual basis , . . . , of g (the 
"antighosts"), with commutation relations [/3*,/3j]g = J2e'^ijl^e fundamental 
vector fields Oi = 6(0*). Then 

m -. m 

(10) S = So + J2 - 2 E 4/51/5^/5^' • 

i=l ^)i=l 

It is a well-known exercise to check that [S, S] = 0, and it follows from the more 
general result of the next example. Since S\x = So axioms (i), (ii) of BV varieties, 
see Definition 3.1, are fulfilled 

Let us check that {V. S) obeys axiom (iii) . We have Rm = Om / Im = Sym ® 
ATx with in degree —2 and Tx in degree —1. The induced differential is the Ox- 
linear derivation sending a G g to 9a G Tx and ^ e Tx to ^(^o) € Ox- Consider the 
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ascending filtration C FqRm C FiRm C F2RM C • • • where FpRu is spanned 
by a (g) ^1 A • • • A € Sym g ® Ag, where at most p among ^1 , . . . , do not belong 
to Tx\Y- The associated graded is then 

= SymJfl®A^Tx|y«)o^ Af(Tx/T^|r), p,9>0. 

Here we switched to chain complex conventions to get a first quadrant homol- 
ogy spectral sequence instead of the third quadrant cohomology spectral sequence 
E~P'~'^ = Ep ,j corresponding to the descending filtration F^p = Fp. The difTeren- 
tial do is the derivation vanishing on Tx\y and on Tx/Tx\y, and coinciding with 
9: Q ^ Tx\Y on g. Since do : Ox(^Q — >■ Tx\y is an isomorphism, the cohomology of 
{Fp,,do) is concentrated in degree and equal to i^^ q = APTx/Tx\y = ti"* Ty. 
The next differential is di = tt*6, where 6{^) = ^(5*0, y). For isolated singularities 
{ATy,5) is a Koszul resolution and thus has cohomology concentrated in degree 
0. Since tt is flat, tt* is exact and E"^ is concentrated in bidegree (0,0). The spec- 
tral sequence degenerates and the cohomology of Om/Im is trivial in nonncgativc 
degrees. Thus {V, S) obeys (iii) and is indeed a BV variety. 

The BRST complex is quasi-isomorphic to {J(Sq) ® Ag*,ds)- The induced dif- 
ferential ds is the Chevalley Eilenbcrg differential of the g-module J(So). 

Example 4. (Lie algebroids) The previous example is a special case of a more 
general construction: let X be a nonsingular variety, £ a Lie algebroid, i.e. a 
locally free sheaf C of Ojsf -modules with a Lie bracket [ , ]£: £ (g) £ — >■ £ and 
a Lie algebra homomorphism p: L ^ Tx, called the anchor, such that [v,fw\c = 
f[v, 'w\c+pv{f)w for all v,w G JC, f G Ox- As shown by Vaintrob [33], Lie algebroid 
structures on a locally free C are in one-to-one correspondence with homological 
vector fields on the graded variety V = (X, Sym£i^£* [— 1]), namely vector fields 
Q e r{X, Ty) of degree 1 such that [Q, Q] = 0. The vector field Q corresponding to 
a Lie algebroid structure is the Chevalley-Eilenberg differential on Oy ~ l\Ox^* 
namely the derivation sending / e Ox to (5(/) S £* with Q{f){v) = Pv{f) and 
/3 e £* to Q{/3) e A^r* ^ VjomoA^^C, Ox) given by 

(u, v) ^ puP{v) - PvP{u) - /3([m, v]c), u,v GjC. 

The corresponding Hamiltonian function Sq on M = T*[— l]y of degree zero is 
then a solution of the master equation. 

If 5*0 G r(X, Ox) is a regular function invariant under the Lie algebroid, in the 
sense that pu{So) = for all local sections u € £, then S = So + Sq is a. solution 
of the master equation. It has the same local form as (10) with = pp* for some 
local basis /?* of £. The main difference is that the structure constants c^^, are not 
constants but functions in Ox- 

The pair (V, S) is a BV variety if the cohomology of Om /Im is trivial in nonzero 
degree. As in the case of the previous example, this follows if there is fiat morphism 
p: X ^ Y, such that p: Tx\y is an isomorphism and Sq is the pull-back of a 
function on Y with isolated critical points. 

In the next example we consider the case of the function on a (not necessarily 
affine) variety X. We show that the (— l)-shifted cotangent bundle of the 1-shifted 
tangent bundle of any variety X has a canonical structure of BV variety with 
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support (^,0). Its BRST cohomology is the de Rham cohomology with trivial 
bracket. 

Example 5. Let ft^ = SymQ^TJ[— 1] be the sheaf of differential forms on a non- 
singular variety X and let r[l]X (the 1-shifted tangent bundle to X) denote the 
Z>o-graded variety r[l]X = {X,n^). The de Rham differential d is a derivation 
of Q'x of degree 1 obeying [d, d] = 0. Let M = T*[-1]{T[1]X). Let S be d, viewed 
as a section of degree of Der(r2^)[l] c Om- The function S G T{X,Om) is a 
hamiltonian function of d and is a solution of the classical master equation. 

Proposition 6.1. The pair {M = T*[-1]{T[1]X), S) is a BV variety with support 
{X, 0) . The canonical inclusion of scalars 

i:n'x^OM = Symf,5^(Der(n^)[l]) 

is a quasi-isomorphism of sheaves of differential Pa-algebras from the de Rham 
algebra {Q^,d), viewed as a P^-algebra with trivial bracket to the BRST complex 
{OM,ds). 

The first statement follows from the fact that this example is a special case of the 
previous one, as the tangent biindlc with the Lie bracket of sections and identity 
anchor is a Lie algebroid. To prove the second statement, notice that the morphism 
i is the inclusion of the first summand in 

Cm = Ox ® Der(n^)[l] e Sym^5^(Der(0^)[l]) • • • ,^ 

and thus comes with a projection p: Om — >■ such that poi = id. The left inverse 

p is a morphism of differential graded commutative algebras. It is sufficient to show 
that the chain map iop is locally homotopic to the identity. To show this notice that 
every point has an open neighborhood U such that Der(0^)|[/ is a free fl^-module 
generated by interior multiplication lj and Lie derivative Lj = ds{ij) = [d,ij] by 
vector fields dj, j = 1, . . . , dimX trivializing Tx- Then the -linear derivation h 
of Om\u sending Lj to lj and lj to zero obeys 

dsoh + hods =mid on SymQ^(Der(n^)[l])|!7, 

and H = 0® ©m>o ^ homotopy between iop and the identity of Om- 

Example 6. Let tt : X ^ Y he a vector bundle with a nondegenerate symmetric 
bilinear form ( , ) on the fibers. The associated quadratic form 

is a regular function on X whose critical locus is the zero section. BV varieties with 
support {X,So) can be obtained from orthogonal connections V on X. Let £ be 
the locally free Oy module of sections of tt so that Ox = Sym^^f *. Suppose that 
V € Hom(f , £ ^y) is a connection such that d{u, v) ~ (Vu, v) + {u, Vv) for all 
u,v & £. Let V be the graded variety {X,tt*^y). The solution S of the classical 
master equation is a function on T*[— l]y. Notice first that for an open set U CY, 

(11) Ov{U) = 7r*n'y{w-\U)) = r{U, Sym^^f* ny). 

The connection V induces a connection V* on £* and therefore a derivation of 
degree 1, also denoted V* of Sym^^f ^^id via (11) a vector field of degree 



^There is no completion here as the degrees are bounded above 
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1 on V. Let Sy be the corresponding hamiltonian: it is just V* viewed as a function 
on T*[-1]V. Let F* e T{Y,nl. £nd{£*)) be the curvature of V*. Since the 
blHnear form is non-degenerate, it defines an isomorphism h: £* — f ; therefore 
h o F* may be viewed as bihnear form on £* which, by the orthogonaUty of the 
connection, is skew-symmetric and thus defines an element ASp of Vly (S) A^f C 
Symo^(Ty[l]). The claim is that 

S — Sq -\- S\/ -\- Sp 

is a solution of the master equation. To check it, let us realize Om as the symmetric 
algebra of Ty [1] and notice that 5o is a function in Ov , so [5*0 ,So] =0. The fact that 
the connection is orthogonal is equivalent to [S'v, 5*0] = V*S'o = 0. Then [S'v, Sy] 
is the derivation [V*,V*] which is 2F* on generetors in £* and is extended as a 
derivation of Ov- We claim that 

[5v,5v] + 2[5o,5f] = 0. 
Indeed, if 5o = IZ^^jjU*?;-' for some local basis of £* and = Y^jF^v^ 

for local sections F^ of then Sp = lE^'^^ ^ gl" where Ej F^^fljk = Fl 
Thus [S'o, Sf] = E F'^'' 93kv^^;ji-, which is the derivation sending i/ to Ej F'^^v^ and 
is thus equal to F* . Finally [5v, Sp] = follows from the Bianchi identity VF = 
and [Sfj-Sf] clearly vanishes. 

Alternatively one can do an explicit calculation in the local description using 
local functions y^, . . . , G Oy{U) such that dy^, . . . , dy™ are a basis of ^y{U) 
on some neighborhood t/ of a point of Y and local sections as above. Then 
one checks a slightly more general statement: let A be the graded polynomial 
algebra over Oy in variables y*, u*, u*, /3'', /?*, ^ = 1, . . . , m, i = 1, . . . , r of degrees 
— 1,0, —1,1,— 2 and nontrivial Poisson brackets among generators [/, y^] = 9^/, 
/ € Oy, = = Suppose {gij) is a (not necessarily invertible) 

matrix with entries in Oy, = Aj^dy^ are one-forms on Y, F^^ — ^FJf^^dy^ A dy'^ 
are two-forms with F^^ = —F^^, such that (a) d^Qij + 2Al^g(j = (orthogonality), 
(b) dA^+AlAA'^^ = F''''gkj (structure equation) and (c) dF'^ +AiAF^^ -A^AF^' = 
(Bianchi identity). Then 

S = \g,^v'v^ + lj<^{yl - Ai^v^v*) + \f%P>^ I5'^v*v* , 

(wc omit summation signs over repeated indices) obeys the classical master equation 
in A. 

Let us check that the vanishing axiom (iii) of Definition 3.1 holds in this case by 
writing the induced differential on Rm{U) for some open set U = n~^U on which 
the local description is valid. 

The induced differential S on 

RMiU)^OY{U)[v\v*,y;,p;] 
is the Oy-linear derivation such that 

Let (g^^) G Oy{U) the matrix inverse to (gij). Let h be the Oy-linear derivation 
of degree -1 such that 

hv' = g'^v* , hy; = p; + Ai^g^'^vlv* , = = hv* . 
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Then it is easy to eheek that for x — w*, w*, t/^, /3p, one has {ho S + 6 o h){x) = x. It 
follows that the cohomology is spanned by polynomials of degree in these variables, 
namely those in Oy{U). Thus {Rm,S) is indeed a resolution of the Jacobian ring 
JiSo){U)'^OY{U). 

The next example illustrates the fact that polynomial functions 5*0 on affine 
spaces with critical locus of positive dimension usually lead to complicated solutions 
of the master equation. It is also an example with nontrivial BRST cohomology in 

positive degree. 

Example 7. Let X = be the afhne plane with coordinates x,y, and set 

So = ix^+y^-l)V4. 

The Jacobian ring is J(S'o) = k[x, y]/{xh, yh), where h = x^ + y^ — 1. The critical 
locus is /i~-^(0)U {0}. We have L{So) ~ k[x, j/]t, t = ydx — xdy, Lo{So) = k[x, y]hT. 
L^^{So) is the O-module generated by r with relation hr = 0. There docs not 
appear to be a finitely generated Tate resolution in this case. Here is a BV variety 
{V,S) up to filtration degree 4: V has coordinates x,y of degree 0, /3 of degree 1, 
7 of degree 2, ^,77 of degree 3, p,^.,v,<j) of degree 4. The solution of the master 
equation up to filtration degree four, computed with the help of Macaulay2 [17] is 

S = So + ixy* ~yx*)/3+ihl3* -x*y*)j 

+{xj* - x*P*)^ + {y-f* - y*P*)ri + (a;y*7* - yx*-i* + x*y*i3*)p 

+{hC - x*j*)i^ + {hri* - y*i*y + {n^i^ - + 
+{yC - X71* - {P*f/2)(t> mod F^. 

It is probably hopeless to compute the BRST cohomology using this formula. In- 
stead we can use Corollary 5.9 to write X ~ U^iJUi with Uc = {{x, y) G | a;^ + 

^ c}. Then So\ui has an isolated critical point with one dimensional Jacobian 
ring, so that iJ*(?7i, 5o|(7i) = k, concentrated in degree 0. The map h: Uq ^ h} ]s 
a principal S'0(2)-bundlc and S'oluo is the pull-back of h? € 0{A^) = k[h], so we 
are in the setting of Faddeev-Popov as in Example 3. 

The BRST complex is quasi-isomorphic to the Chevalley-Eilenberg complex of 
the one-dimensional Lie algebra so (2) = fc of the rotation group with values in 
the algebra A = T{Uo, J{So)) of functions on the critical set. By definition A = 
k[x, y, {x^+y^)~^]/I where I is the ideal generated by xh, yh. But / is also generated 
by h since h = {x'^h + y'^h){x'^ + y^)~^. So over an algebraic closure k, A(E)kk = 
k[t,t~^], t = X + y/^y. The Chevalley-Eilenberg complex is concentrated in 
degree and 1 with differential r: A ^ A. Since T(t^) = we see that 

H^{ao(2),A) = kl and ^^(50(2),^) = ka, where a is the class of 1. Thus 

H*{Uq,So\uo) = k[a], dega=l, = [a,a]=0. 

By Corollary 5.9, the BRST cohomology is three-dimensional and is the direct sum 
of algebras 

H'{X,So) = k(Bk[a], dega=l, 

with trivial bracket. 

The next is an example, due to Pavel Etingof, with infinite dimensional BRST 
cohomology. 
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Example 8. Let X = A'^ with coordinates x,y, z,w and 

Sq = x^ + + - Swxyz. 

This function is of weight 3 if we assign weight 1 to x, y, z and to w. We claim 
that the zeroth BRST cohomology J(S'o)'^^'^''-' is infinite dimensional. The Jacobian 
ring J{So) = k[x, y, z, w]/ (x^ — wyz, y"^ — wxz, z"^ — wxy, xyz) is the quotient by an 
ideal generated by homogeneous elements and is thus graded with respect to the 
weight. In weights 0, 1, 2 it is a free /c[w]-module generated by 1, x, y, z, xy, xz, yz. 
In weight 3 we have a free k[w]/{w^ — l)fc[w]-module generated by x^y, xy^. If 
follows that every / G J(S'o) of weight > 3 obeys [tu^ — 1)/ = 0. Every vector 
field in L{So) is a sum of weight homogeneous vector fields. It is clear that there 
are no vector fields of weight —1 in L{So). A vector field of weight in L{So) 
has the form ^ = adx + bdy + cdz + ddw with a, 6, c of weight 1 and d € k[w\. 
Since ^(^o) = 3(aa;^ + hy'^ + cz^ — dxyz) mod w it follows that a, b, c, d must all 
be divisible by w. But if ^ € L(So) is divisible by w then also w~^£^ e L{So)- It 
follows that ^ = 0. Thus all homogeneous vector fields in L{So) have weight at 
least 1. Let g G J{So) be of weight 2. Then h = {w^ — l)^g is annihilated by L{So) 
since ^(/i) is of weight at least three and is divisible by — 1. But the space of 
such h is infinite dimensional. 

7. BRST COHOMOLOGY IN DEGREE AND 1 AND LlE RiNEHART COHOMOLOGY 

In this Section we show that, up to degree 1, the BRST cohomology of a BV 
variety with support {X, Sq), with X an affinc variety, coincides with the de Rham 
cohomology of a Lie~Rinehart algebra associated with the critical locus of Sq. We 
also describe the induced bracket H^{V, S) (g) H°{V, S) H^{V, S) geometrically. 
The degree 1 cohomology appears as an obstruction to extend a solution of the 
classical master equation to a solution of the quantum master equation. The bracket 
H° (S) — >• appears in deformation theory as the obstruction to extend an 
infinitesimal deformation of a solution of the classical master equation to a solution 
in formal power series. 

7.1. Lie— Rinehart algebras. Recall that a Lie-Rinehart algebra over fc is a pair 

{A, q) where ^ is a commutative algebra over k and g is both a Lie algebra over k 
acting on A by derivations and an ^-module. The required compatibility conditions 
are [r, f ■ a] = T{f) ■ a + f ■[T,a] and (/ ■ T){g) = f ■ (rig)) for all f,g G A and 
T,(T E g. Here f ® t ^ f ■ t denotes the module structure and t (E) ,f i-^ t(/) the 
action of q on A. The main example is {A, Der(A)) for an algebra A. 

Lie-Rinehart algebras come with a diff'erential graded algebra, the de Rham (or 
Chevalley-Eilenbcrg) complex = Homyi(A^g, A) introduced by Rinehart 

[25]. We only consider this complex for p < 2. For g e g) = A and 

a e q) we have 

dg{T) = T{g), da{T, a) = T{a{cj)) - C7(a(r)) - a{[T, a]), r, cr e fl. 

An ideal of a Lie-Rinehart algebra {A, g) is a pair (/, ()) such that 

(i) I is an ideal of A. 

(ii) () is a Lie ideal of g. 

(ni) i • r e () and t(z) G / for alii G I, t G Q. 

(iv) f -a Gt) and cr(/) G I for all f G A, a G f). 
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Lemma 7.1. Let be an ideal of the Lie-Rinehart algebra {A,q). Then 

{A/I,Q/i)) is naturally a Lie-Rinehart algebra. 

Proof. The conditions (i)-(iv) guarantee that the structure maps defined on repre- 
sentatives are well-defined on the quotient. □ 

7.2. Cohomology in degree < 1. Let So G 0{X) be a regular function and de- 
note as before J = J(S'o) = Ojc /Im((iS'o : Tx — >■ Ox) the Jacobian ring, L = L{So) 
the Lie algebra of vector fields annihilating ^o, Lq = Lo{So) the Ox-submodule of 
L spanned by C('S'o)?? - viSo)^, ^,ri gT. 

Lemma 7.2. (Iin(dS'o: Tx Ox),Lo) is an ideal of the Lie-Rinehart algebra 
iOx,L). 

Proof, (i) The subspace lm{dSo) consists of functions of the form ^(^o), ^ G Tx- 
It is clearly an ideal of Ox- (ii) Let t G L. By exploiting the fact that t{So) = 0, 
we have 

which Hcs in L^. (iii) Let t ^ L, S,{So) e /. Then, again because t{So) — 0, 
aSo)T = aSo)T - r(5o)^ e Lo and t(^(5o)) = [T,e](So) G /■ (iv) Let f e Ox, 
V = ^{So)v - v{So)^ e Lo. Then clearly fiy e Lq and i^{f) = - af)v){So) G 

7. □ 

It follows that (J, = L/Lo) is a Lie-Rinehart algebra. We use the notation 
= g{So) to denote the J-module L/Lq. It is convenient to distinguish it from L^^ 
which is L/Lq considered as an Ox-module. 

Theorem 7.3. The BRST cohomology is isomorphic to the de Rham cohomology 
up to degree 1; 

HP{V, S) - H^^^{J{So), 9{So)) for p = 0,l. 

Remark 7.4. The de Rham cohomology of a Lie-Rinhart algebra {A,g) is the ap- 
propriate cohomology for Lie-Rinehart algebras only if the Lie algebra g is a pro- 
jective module over the commutative algebra A. If it is not one should rc^placc g 
by a quasi-isomorphic differential graded Lie algebra which is projective over the 
commutative algebra, see [10]. The resulting cohomology groups HP{A,g) coincide 
with the de Rham groups for p = 0, 1 but are in general different. We conjecture 
that HP(y, S) ^ HP{J{So), 0(S'o)) for all p>0. 

We have seen that -ff°(y, S) = = J" since Lq acts trivially. This is the claim 
for p = 0. To prove this theorem for p = 1 we need to construct a solution of the 
master equation modulo F^. 

Let Ti, . . . , Tr be a system of generators of L/Lq as an Oj^-module. Then 

r 

(12) h,T,]=^/5.T,, 

fe=l 

for some (non- unique) f^j G Ox- 

Let Taj G Ox, a = 1, . . . , s, j = 1, . . . , r, a generating system of relations, namely 

a set of elements of Ox such that 

(i) Ei=l rajTj =0, o = 1, . . . s 

(ii) if Sj=i ^jT7 = witii "^j S Ox then rj = Yll=i faraj for some fa^Ox- 
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In other words we choose a presentation of the Ojc-niodule L'^^{Sq): 

^x^^x^ L^'^iSo) 0. 

Using this presentation we construct a Tate resolution R = {SymQ^yV,5) down 
to degree -3, with W of the form W = ffi f sec 4.1, and a solution 

S G T{X,Ot'[-i]v) of the classical master equation modulo on the shifted 
cotangent bundle of F = {X,Sym„^£). We set W'^ = Tx, W'^ = O^, with 
basis (31,.. .,(3*, W^^ = Oj^ ® E, where Oj^ has basis . . . , 7* and is a free 
Ojc -module to be determined and whose precise form will not be important for the 
computation of the cohomology. The beginning of the Tate resolution looks like 

with 

R-^ = A^Tx®{Tx<»0^x)®0'x®E, R-'^ = A^Tx®0^x, R~^=Tx, R° = Ox. 
Here A'Tx = Aq^Tx is the exterior algebra of the Ox-module Tx- The differential 

S: R~^ i?" is S((_) = (,{So). The differential on the other components depends 
on a choice of lifts of ti, . . . , S L/Lq to vector fields fi, . . . , G i. We set 

so that (5^|oj. = 0. The relations for the lifts hold modulo Lq: 

(13) ^ rajTj + dSoJVa = 0, 

j 

for some Va € A^Tx- Here j is the contraction operator: dSoj^ A r] = ^{So)t] — 
'r]{Sn)£_ € Lf). By the Leibniz rule we have S{v) = dSo^v for v G A^Tx- Thus 
Eq. (13) implies that Va + J2j '''ajf^j is a cocycle for a = 1, . . . , s. We set 

Hi:) = Va + Yl r-jf^i e A'Tx ® O^x- 
j 

Thus = 0. 

Let i?Q ^ be the Ox-submodulc spanned by £,{So)r with ^ G Tx, r G R~'^. The 
differential on will be chosen so that 6{E) C Rq^- 

Let us check that we indeed get a resolution down to degree —3. The kernel of 
5: Tx Ox is L. Since 5{a''Tx) = Lq and ti,...,t,. span L/Lq, the complex 
is exact at R~^. The kernel of the next differential consists of pairs v G A^Tx, 
^ TiP* G such that rjfj + dS^jv = 0. We need to show that these cocycles 
arc equivalent to cocycles lying in Rq' , so that they can be killed by a judicious 
choice of E. Reducing modulo Lq, we see that X) '^j'^i = so that = ^faTai-, 
see (ii). Possibly subtracting an element of (5(05s:)' ^^'7 assume that rj = 0, 
i = 1, . . . ,r. Thus dS^jv = and therefore u is a sum of bivector fields of the form 
^ Ar] where r] £ L, i.e., is a linear combination of fj and dSo-iw, w G A^Tx, the 
latter being in R^'. We can get rid of terms ^ A fj modulo Rq' by subtracting a 
coboundary from 5{Tx ® Ox)' indeed we have 

<5(C ® /3*) = e(5o)/3* - e A fi = A fi mod Rf. 

Thus any (-2)-cocycIe is equivalent modulo coboundarics to a cocycle lying in R^ . 
Exactness at is achieved by defining 5 to map E onto the space of cocycles in 

Rq . 
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With this information on the Tate resolution we can construct a solution of the 
master equation modulo along the line of the existence proof in Section 4.3 (b). 
The first approximation is 

5<i ^ 5o + ^ S{p;W + E '^(^a)^" + E ^(Pt)p'' mod F\ 

where (pj*) is a basis of E. By construction, [5<i,S'<i] is a section of 7*^^', see 
4.3 (b) (h). So the first violation of the master equation appears from the bracket 
of the second term on the right-hand side with itself: [<S'<i,S'<i] = X^[f,, fj]/3'/3-' 
mod F^. The relation (12) lifts to 

for some bivector field gij G A^Tx ■ This dictates the form of the corrections to S. 
We obtain 

s = 5o+em!+E!:^^^+^E^«^" 

i a,j a 

b i,j ij^k 

The BRST cohomology is isomorphic to the cohomology of the first term = 
J[/3% 7°, p^,.- ■] of the spectral sequence. The beginning of the complex E^' is 

The differential is obtained from the terms in S linear in the generators, underlined 
in the formula for S above. We have 

i a 

In S{pl)p^ there could be a linear term in f3* that would contribute to But 
since S{pl) lies in R^^ its image in Ei vanishes. 

The Leibniz rule gives the differential of a general 1-cochain 



j ij i,3,k a,i 

Thus H^V,S) ^ Z^/B^ with 

= lE^i/^' e ®iJ/3' suchthat 

^ i 

(a) Ti{gj) - Tj{gi) -y^ftjdk = 0,Vi,i, (b) ^Vakgh = 0,Va L 

fc k ^ 

^ i ^ 

Cochains J2i 9iP^ obeying (b) are in one-to-one correspondence with linear functions 

a e Homo^ (L/io, t/) via a(Ti) = gi. This space is canonically isomorphic to 
Homj(J(8)Ox L/Lq,J) = 0^j^(J, fl) and (a) translates to the cocycle condition for 
the de Rham differential. Thus 

Z^^Kev{d:n\^{J,Q)^nl^{J,Q)). 
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Similarly = J, g)). This concludes the proof of Theorem 7.3. 

7.3. The Po-algebra structure. As the filtration is compatible with the product, 
it follows that the isomorphism of Theorem 7.3 respects the; product <Si H'^ — ^ 
H^^'t, p + q < 1. The situation with the bracket is more tricky and potentially 
more interesting. 

Let, as above, g = L{Sq) / Lq{So) and / G i?^^(J,g) = J{So)'"^^°^ be an invariant 
function on the critical locus. Let / € Ox be a representative of / in Ox- Then 

for each r G L{So) 

t(/)=^(So), 

for some ^ = ^{t,/) G T defined modulo ^(5*0) depending O^-linearly on r and 
fc-linearly on /. This defines a homomorphism of Ox-modules 

(14) L{So)^T/L{So), T^ar,.f) mod L(5o). 

Recall that, by Lemma 7.2, Lo{So) acts trivially on J, so that the map (14) de- 
scends to a map q T/L{Sq). We define a symmetric fc-bilinear map H^{J,g) x 

B{f, g) = class of (r ^ ^(r, ~f){g) + ^(t, g)Cf)) G Homj(0, J), 

for any choice of lifts /, 5 G Ox of f,g G J. 
Lemma 7.5. The bilinear map B is well-defined. 

Proof. Any two lifts f of f G J differ by Ci^o) for some vector field ^ G T. We 
need to show that B{C{So),g) = 0. We have t(C(5'o)) = [r, C](.So) for r G L. Thus 

and therefore 

B(C(5o),5)(r) = [T,Cm+mrmSo)). 
The second term is equal to [^(5, r), CKS'o) +C(''"(5)) by definition of ^. The bracket 
evaluated on vanishes in J and we get 

i?(C(5o),.9)(r)=T(C(g)), 
which belongs to the zero cohomology class in H^{J,g). □ 

Theorem 7.6. The bilinear form B coincides with the induced bracket H'^{V,S) x 
H°{V, S) -s- H^{V, S) under the identification Hp{V, S) ^ Hp{J, q) of Theorem 7.3. 

Proof To compute the induced bracket [ , ] : {V, S) (E) H°iV,S) -> H^iV,S) 
using the description of Theorem 7.3, we need to lift the cocyclcs of Ei to cocycles 
of the BRST complex modulo F^. So let / G Ox represent a cocycle / in F°'" = J. 
Then fi(/) = ^i{So) for some vector fields = ^(/, fj). 

[S,f] = [J2nP\f] modF^ 

i 

i 

= -^?i(W rnodF^. 

i 
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It follows that a cocycle in the BRST complex corresponding to / is 

i 

Let us do the same for a second function g e J^: G = g -\-J2iViP^ ■ Then 
[F,G\ = [f-^^il3\g-Y^r]i(3'] inodF^ 

i i 

The right-hand side is the image in E^'' of [F, G\ and coincides with the claimed 
formula. □ 

8. The case of quasi-projective varieties 

Let X be a nonsingular algebraic variety over a field k of characteristic 0, 5o G 
0{X)/kx a function defined modulo constants or more generally, in the setting 
of Sect. 3.3, a multivalued function So = J A for a closed 1-form A e r(X, O^c)- 
Then on an open affine subset t/ C X, the restriction of 5*0 to U gives rise to a BV 
variety {y,S) with support {U,So\u) which is unique up to stable equivalence. In 
particular the BRST complex {OT*[-i]v^ds) is uniquely determined, up to quasi- 
isomorphism of sheaves of differential Po-algebras on f/, by Sq. Is it possible to glue 
these local data to form a sheaf of differential Fo-algebras on X, whose restriction 
to any open afHne subset is quasi-isomorphism to the local BRST complex? How 
unique is the construction? 

We cannot answer these questions in general, but we show existence in the case of 
quasi-projective varieties X. In this case, every coherent sheaf admits a resolution 
by locally free sheaves and, as a consequence, a global Tate resolution of the sheaf 
J{Sq) of Jacobian rings exists. Let us fix such a Tate resolution. Then for any 
covering ([/,) by affine open sets, the Tate resolution restricts on every non-empty 
intersection U = Ui^ n • • - n Ui^ to a Tate resolution of J{So)\u and we can consider 
the class of BV varieties on U associated with this Tate resolution (see Sect. 4.2). 
As the Tate resolution is defined globally, the corresponding solutions of the master 
equation are sections S E r(U,OT'[-i]v) for some globally defined graded variety 
V with support X. We know by Theorem 4.5 that the group of gauge equivalances 
acts transitively on the BV varieties with support on an affine set and associated 
with a fixed Tate resolutions. To glue, we need a stronger form of this result and 
show that the corresponding action groupoid extends to a simplicial groupoid whose 
sets of morphisms are contractible Kan complexes. We first introduce the necessary 
notions to formulate the result. 

Let U be nonsingular affine, 5*0 G C>{U) and (i?, 6) be a Tate resolution of the 
Jacobian ring of Sq. We realize R as in Section 4.1 as Om/Im where M = T*[—1]V 
is the cotangent bundle of a Z>o-graded variety V. Let B = B{M,5) be the set 
of BV varieties (V, S) with support (J7, 5o) associated with the Tate resolution 
{Om/Im, S), see Def. 4.4. Then by Theorem 4.5 the group of gauge equivalences 
G{M) = expad0(Af) C Aut(C'M), see Sect. 2.9, fixes the Tate resolution and acts 
transitively on B. The Lie algebra q{M) is the degree component of the graded 
Lie algebra fl*(M) = T{U, We will need the other components as well. 
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Let Go denote the action groupoid of the action of G{M) on B: its object set is 
B and the set of morphisms S\ S2 is 

Qo{Si,S2) = {9G G{M) \g-Si = S2}. 

Wc will show that ^0(5*1, ^2) is the set of 0-simpliccs of a contractible Kan complex, 
namely a simplicial set G{Si,S2) such that every simplicial sphere 9A" — >• S'2) 
can be filled to a map of simplicial sets A" Q{Si,S2)- Here A" is the standard 
combinatorial n-simplcx. It is the simplicial set HomA( ,[n\) represented by the 
object [n] = {0, . . . , n} of the simplicial category A of finite ordered sets and non- 
decreasing maps. 

Let A be the Po-algcbra A = T{U,Om)- Let ^2*(|A"|) be the de Rham algebra 
of polynomial differential forms on the geometric n-simplex |A"|: 

n n 

0*(|A"|) = A;[io,...,t„,dio,...,rft„]/(5^ti- deg(ii) = 0,deg(dii) = I. 

i=0 i=0 

Then the sequence g* = q'{M) ® r2*(|A"|) is a simplicial differential graded Lie 
algebra. The Lie bracket is [a » w, & (g) 77] = b dcg ^ r^^ie simplicial 

algebra f7 (|A*|) is the functor from A to differential graded algebras sending [n] 
to f2 (|A") and /: [n] — >■ [m] to the map of differential graded algebras such that 

^ T,jef-Hi)^j- 

Let Gn = exp(ad(0")). It is a subgroup of the group Autn.(|A"|) (Ei ri*(|A"|)) 
of r2*(|A"|)-linear automorphism of the graded Pg-algebra A(g)f2*(|A"|). A solution 
S G B of the classical master equation defines a differential ds = [S, ] on A. Let us 
use the same notation for the differential on the product of complexes f2*(| A"|) 
given by 

dsia O w) = [5, a] O w + (-1)'^'^^ g, 

We set 

Gn(Si,S2) = {g € Gn\g o ^ ds^ o 5}- 
For n = this condition means that [g ■ Si,a] = [82,0] for all a € A. Since the 
Poisson center consists of constants and Si and ^2 are both congruent to So modulo 

Im, the definition coincides with the previous definition of Go- The collection 

G{Si, S2) = {GniSi, S2))n=o,i,... is then naturally a simplicial set. 

Proposition 8.1. Let 81,82 G B. The restriction map 

Homsset(A",g(5i,52)) ^ Homsset(9A",g(^i,52)) 

is surjective. 

Proof. Since Go acts transitively on B, post-composing g with a map in Go mapping 

^2 to 5*1 reduces the problem to the case where 5*1 = 5*2 = 8. 
By the Yoneda lemma Hom(A", ^(S', 8)) = GniS, 8). 

Lemma 8.2. Gn{8,8) = exp(ad(0° (5, 5))) where q° {8, 8) = {w e 0° | -h 
[8,io]=0}. 

Proof. This is a special case of a general result: let {L, dL) be a differential nilpotent 
graded Lie algebra and (M, dm) be a differential graded faithful L- module on which 
L acts locally nilpotently. This means that M is an L-module such that 

(1) For all a G L, m S M, dM{a ■ m) = dL{a) ■ m + a - dL{m) 

(2) If a G L and a • m = for all m e M then a = 0. 
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(3) For all a e L, m e M, there exists an n such that a" • m = 0. 
The claim is then: 

a e exp(a) o dM = (Im ° exp(o) 4^ dL{a) = 0. 
The proof relies on the identity 

(exp(a) o dM o exp(— a) — dM)iTi = b - m, m G M,a G A, 
id - exp(ad(a)) , , , , , 
'= ^d(^(^^(«»^^- 

Since b is obtained by the action of an invertible operator on dL{a) it follows that 
6 = iff rfi,(o) = 0. To check the identity, introduce 

bt = exp(ta) o dM ° exp(— f a) — dM € End(M)[t]. 

Differentiating with respect to t yields 

bt = exp(t a) o (a o dM — dM o a) o cxp(— fa) = — exp(i a) o dL{a) o exp(— t a). 

Thus bt is the action of — exp(f ad(a))(iz,(a) G L and we conclude that 



t=i = — exp{tad{a))dL{a)dt, 
Jo 



implying the identity after integration. 

In our case wc have _L = g* and M = A (E) il*{\A"\) with differential d + ds- 
The action is faithful because the part of the Poisson center in q'{M) is trivial: 
ZmC^q'm — 0) see Prop. 2.13. The Lie algebra and the action are pronilpotent: they 
become nilpotent modulo l'^ for all k. The statement of the Lemma is equivalent 
to the statement modulo for all k. □ 

Let us decompose w with respect to the de Rham degree 

w = cjo + + ha;„, G A~^~^ ® f7^dA"|). 

Then the condition for exp(ad(a;)) € Gn to lie in Qn{S, S) is 

[5, wo] = 0, 
dwo + [S, wi] = 0, 

doJn-l + [S,OJn] = 0. 

We need to show that u G q* (Si f2*(|9A"|) of degree obeying (15) extends to a 
differential form on the simplex obeying (15). 

The basic fact about polynomial differential forms is that every differential form 
on the boundary of a simplex extends to the simplex (see [31]). Thus the restriction 
homomorphism 

r2*(|A"|) ^ n*{\dA"\) 

is surjective. Let us choose a right inverse s: co t-^ u) and use the same notation to 
denote the right inverse id (X) s of the ^-linear extension 

A(sn'{\A"\) ^ A(g)n'i\dA"\). 

Let now w = wq H G r2*(|c?A"|) obey (15) and ojq, ■ ■ ■ , Wn-i A-linear 

extensions to [A"!. Clearly [S, ] commutes with id (g) s and thus 

[S,Qo] = 0- 
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Let us assume inductively that, possibly after modifying the choice of extensions 

dojj^i + [S,u}j] = 0, for j < k. 
In particular, for j = k this implies 

= d[S,uJk] = [S^dwk]- 

Thus a = dujk + [S.Cbk+i] obeys [S,a\ = 0, a||9A"| = 0, where we set lj^+i = 
for fc = n — 1. Thus a is a cocycle for [S, ] in A"*'"^ ® j'' where J is the ideal 
of differential forms on |A"| whose restriction to the boundary vanishes. Since the 
BRST cohomology vanishes in negative degree, there exists a /3 vanishing on the 
boundary such that a = [S, Replacing uik by Wfe — /3 yields 

dCjk + [S, ojk+i] = 0, 

which proves the induction step. □ 

Thus Gn{S, S') is the set of n-simplices of a contractible Kan complex. Moreover, 
we have composition maps 

GniS, S') X g^a{S', S") ^ GniS, S"), 

induced by the product in A and the wedge product of differential forms. The 
compositions are maps of simplicial sets if we define the Cartesian product C x D 
of simplicial sets C,D as the sequence of sets C„ x £)„ with face maps di{x,y) = 
{diX,diy) and degeneracy maps Si{x,y) = {siX,Siy). 

Thus there is a simplicial category Q, namely a category enriched over simplicial 
sets, with objects B and morphisms S ^ S' given by the contractible Kan complex 
GiS, S'). 

Corollary 8.3. Let X be a nonsingular quasi-projective variety, A G fl^{X) a 
closed 1-form, So — / A. Then there exists a sheaf V of differential Pq- algebras on 
X which is locally the BRST complex of a local BV variety with support {X,Sq). 
More precisely, every point of X has an open affine neighborhood U such thatV\u is 
quasi-isomorphic, as a sheaf of differential Pa-algebras, to {OT*[-i]Vids) for some 
BV variety {V,S) with support {U,S{)\u)- 

The sheaf V is constructed by gluing the BV varieties associated with the re- 
striction of a Tate resolution to the affine open subsets of a covering by using the 
contractibility result of Prop. 8.1. This construction is described in Appendix B. 

Appendix A. Stable isomorphism of Tate resolutions 

Let A be a Noetherian unital commutative ring containing Q and Ca be the 

monoidal category of non-positively graded differential graded unital commutative 
algebras C = ©i<oC* over A whose homogeneous components C* are finitely gen- 
erated A-modules. Differential have degree 1. An object of Ca is called semi-free 
if it is isomorphic, as a graded commutative algebra, to the symmetric algebra 
Sym^(y) of some projective negatively graded ^-module V = ©i<ol^^ 

Let C be an object of Ca concentrated in degree 0. A Tate resolution of C is a 
quasi-isomorphism ii^ — > C in Ca where E — Sym^(F) is semi-free. Tate resolutions 
exist by Tate's recursive construction: the subalgebra -E'>_d of E generated by 
®2=-d^' is constructed out of E^_(^^_i^ as 

(16) ^>_d = £;>_(d_i)[Ti,...,T„], deg{Ti) = -d, 
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with differential extending the differential on i?>_(j;_i) and such that 

dTi = a, 

for some set of cocycles Cj spanning the cohomology of -B>_d in degree —d (the 
Nocthcrian hypothesis ensures that the cohomology of fixed degree is a finitely 
generated A-module). One then takes V~''' at the free module with basis Ti, . . . , T„. 

A morphism of Tate resolutions ps- E — )• C,pf- F — >• C is a morphism of 
differential graded algebras / : E ^ F such that pp o ,f = Pe- 

Any two Tate resolutions are related by a quasi-isomorphism which is unique up 
to homotopy. More precisely: 

Lemma A.l. Let ps- E ^ C , pp : F ^ C be two Tate resolutions. 

(i) Any morphism f: Ey-d F>-^d of differential graded Lie algebras such 
that Pf o f = Pe extends to a morphism E ^ F of Tate resolutions. 

(ii) Any two morphisms fo,fi: E — >• F of Tate resolutions are homotopic, 
Namely, there is a morphism h: E ^ F (g)^ ^[t, dt] with id (S) o /i = fj, 
j € {0, 1}. Here ej : A[t, dt] A is the map t ^ j, dt ^ 0. 

(hi) Every morphism f : E ^ F of Tate resolution admits an inverse up to 
homotopy: there is a morphism g: F ^ E of Tate resolutions so that fog 
and go f are homotopic to the identity. In particular all morphisms of Tate 
resolutions of C are quasi-isomorphisms. 

The proof is standard: the required maps (extension of /, homotopy, inverse up 
to homotopy) on free algebras are uniquely determined by the images of generators, 
that are to obey cohomological conditions. The existence of images obeying the 
conditions follows recursively by degree by the acyclicity of the resolution in the 
previous degrees. 

The next result is a stronger statement relating Tate resolutions of an object by 
an isomorphism (rather than a quasi-isomorphism) after tensoring with a semi-free 
acyclic algebra. 

Let Symyi(V'©y[l]) the acyclic symmetric algebra on a free graded A-module V 
with differential defined on generators F©y[l] = ®(V''®V''+^) as d{v®w) = w®0. 
UE ^ Cisa Tate resolution, then also E^ASYna.^{V®V[l]) -> C, sending 
to zero, is a Tate resolution and the obvious map E ^ E Sym^(V' © 1^[1]) is a 
quasi-isomorphism of Tate resolutions. 

Theorem A.2. Let d > 0, C G Ca- Let f:E^Fbea morphism of Tate 
resolutions of C which is an isomorphism in degrees > —d + 1. Then there is an 
isomorphism in Ca 

E ®A Sym^(y e V[l\) ^F(g)A Sym^(M^ ® W[l]), 

restricting to f in degrees > —d + 1, for some free graded A-modules V, W concen- 
trated in degree < —d. 

Proof. We prove inductively the following statement. 

Lemma A. 3. Let fd-i : E ^ F be a morphism of Tate resolutions of C, which 

restricts to an isom,orphism, Ey_^d-i) ^ -F'>-((i-i) for some d > 0. Then there 
are graded free A-modules Vd,Wd of finite rank concentrated in degree —d and a 
morphism of Tate resolutions 

fd-.E^A SymAiVd 8 Vd[l]) F ^a Sym^(VFd 6 Wd[l]), 
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restricting to an isomorphism in degree > —d and coinciding with fd-i on i?>-(d-i) • 

By using this Lemma and starting from any morphism fo-E — >■ F oi Tate 
resolutions, we obtain a morphism / as in the claim of the theorem with V = (BVd 
and W = ®Wd. 

To prove the Lemma, we first of all notice that if E = Sym^(H^) we can assume 
without loss of generality that the projective A-module W"*^ is free: if it is not, 
we replace W hy W (B U[d] ® U[d + 1], where W~'^ ® f/ is free and the differential 
is extended so that 6: U[d+1] — >■ J7[rf][l] is the identity. Similarly we can assume 
that the generators of degree —d of F form a free A-module. 

Let Ti, . . . , T„ be a basis of the space of generators of degree —d of E as in (16) 
and Si,. . . , Sm be a basis of the space generators of degree —dofF. We then take 

to be a vector space of dimension m with basis S[,. . . , S'^. Then 

Sym^{Vd®Vd[l])=A[S[,...,S'^,S'^,...,S'i], deg(5;) = -d - 1, dSj' = 5^. 
Similarly, 

Sym^(W-rf e WM) = A[Ti, . . . , T^, Ti', ...,T^], deg(Tf ) = -d-l, dT(' = T/. 

Let gd-i ■ F — )• be a morphism extending the inverse of the restriction of fd-i to 
E>_(d-i)- Such an extension exists by Lemma A.l (i). Let fa coincide with fd-i 
on Ey_(^d-i) Slid similarly for gd- We set 

(17) fdm)^ fd-im) + Ti gd{S,) = gd-i{S,) + S'^ 

This defines fd as a morphism of graded algebras i?>_d — >■ F>-d- Since dT/ = 0, fd 
commutes with differentials on E>-d- The same holds for gd- The next definition 
is devised to make gd the inverse of fd in degree —d: 

fdiS'j) = Sj - fd{gd-i{Sj)), gdin) = T,- gd{fd-i{Ti)). 

The right-hand sides are already defined since gd-\{Sj) e E-^_d and fd-i{Ti) € 
F>-d- Also, since fd coincides with fd-i = g^li in degree > —d + 1, fd, and 
similarly gd, commutes with the differential: 

d{fd{S'j)) = dS, - fd{gd-i{dSj)) = dSj - fd-i{9d-i{dSj)) = = fd{dS'^). 
The inversion property is first checked on Ti, Sj. 

9dofd{Ti) = gd{fd-i{Ti)) + gd{Tl) 

= gd{fd-i{Ti)) +Ti- gd{fd-i{Ti)) 
= Ti. 

This and the induction hypothesis proves that gd o fd is the identity on E>-d. 
Similarly, fd o gd is the identity on F>^d- We use these facts for the next check: 

9dofd{S'j) = gd{Sj) - gdo fd{gd~i{Sj)) 
= Sj +gd-i{Sj) - gd-i{Sj) 

Similarly, fd{9dm)) = T/. 

We have constructed an isomorphism of differential graded algebras 



fd-. {E ®A Sym^iVd 8 Vd[l]))>-d ^ {F ®a Sym^(Wd 8 Wd[l]))>-d, 
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with inverse gd- By Lemma A.l, fd admits an extension to a morphism of Tate 
resolution E (^a Sym^(Vd ®Vd[V\) ^ F ®a Sym^(Wd 8 Wd[l]). Any such exten- 
sion (in particular defining fd{T-')) has the properties required in the claim of the 



Appendix B. Gluing sheaves of differential graded algebra 
by Tomer M. Schlank 

The aim of this Appendix is to describe how to glue sheaves of differential Pq- 

algcbras. 

More precisely, let X bo a non-singular quasi-projcctivc variety. For an open 
subvariety U G X we denote by 2l([/) the category of sheaves of differential Pq- 
algcbras on U . Let C/qj be a finite affine cover of X . Further let Ai E 2t(J7i) 

be a sheaf of differential Po-algebras on Ui, our goal is to glue all the Aj's to a sheaf 
of differential Pp-algebras A e 2t(X) such that A|[/. is quasi-isomorphic A^. To 
better understand the issues at hand consider first the case where we are trying to 
glue sheaves given on two open subset Uq,Ui. In this case our gluing data consist of 
object Ai G 2l(C/i),0 < « < 1, and a quasi-isomorphism i^o,i : ^o|c/onc/i Ai\uoC\Ui- 
Here we already see the first difference between classical gluing of sheaves and gluing 
of sheaves in our case, since we only assume that i^o,i is a quasi-isomorphism and 
not necessarily an isomorphism as in the classical case. The difference from the 
classical case becomes even more apparent when we consider 3 open sets Uq,U\,U2- 
In this case in addition to Ai e 2t(C/i),0 < i < 2 and the quasi-isomorphism 
Kq^i, Ko,2, Ki^2 our gluing data will consist of a homotopy ifo,i,2 between Ki^2°Ko,i 
and Ko,2- Note that when gluing classical sheaves one will assume that the two 
maps Ki^2 ° Kq^i and K0 2 are the same. 

To conclude we have several steps to go through so we can glue our sheaves of 
differential Po-algebras. The first step will be to define gluing data for sheaves of 
differential Po-algebras. The second step will be to show that given such gluing 
data we indeed can construct the desired A. The last step will be to show that in 
the situation described in this paper we will indeed have such gluing data. 

The datum and argument below are very categorical in nature. So we first have 
to take good care of the notations. 

B.l. Notation. Throughout this appendix we fix a non-singular quasi-projective 

variety X. Let S be the category of simplicial sets. 

For an open subvariety U C X we denote by 2t([/) the category of sheaves of 
difii'erential Po-algebras on U. The de Rham algebras O* = f2*(|A"|) of polynomial 

differential forms on the geometric n-simpliccs form a simplicial differential graded 
commutative algebra (DGCA) Q*. Let us denote by the same letter the functor 



from the category of simphcial sets to the category of DCGA (so that f2*(A") = 
f2* ). For a simplex A" e 5, A e 2l(C/) we denote 



Lemma. 



□ 



n'-.S^ DCGA, 



A^'^ :=yl0n*(A") e2l(U'). 



Similarly for every simplicial set K € S we can define 

A^ := A®il'{K) eQl{U). 
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For every Ao,Ai e 2l(i7) we define the simplicial set 

mu{Ao,Ai)eS, 

mu{Ao,Ai)n := Homa(£/)(^o,^f")- 

Note that we can view this also as Hom2i((7)ig,n.(An)(^o^ ,Af- ), so that composi- 
tions of maps in dJlu are defined. Given two open subsets U C V C X , We denote 
by 

i^: 2l(y) ^ 2l(f/) 
A^Ai};, 

the restriction functor, has a right adjoint which is the pushforward functor, we 
denote this functor by 

t^: 2l(C/) ^ Ql{V) 
A^At^. 

Lemma B.l. The functors and have the following properties: 

(1) is the left adjoint offu- 

(2) LetU CV CW C X; we have 

W I V_ I w 
■^V ■^U~->rU ' 

\u\v — \u ■ 

(3) Let U,V C W; we have 

I w_ I u 
I u 4-y —\-uyjw I u\jw ■ 

For n e N we denote by [n] the ordered set < 1 < • • • < n. For any / c [n] 
we denote P/ to be the partially ordered set of subsets of I containing the first and 
last element. Now let 

{ao,...,ad} = /C [n], 

and let < i < rf. We denote: 

/<i := {oo, . . . ,a,}, />i := {ttj, . . . ,ad}, 7j := {ao, . . . , a,, . . . , ad}, 
ao = n(/), ad=x{I). 
We introduce the following maps: 

: X Pj>, ^ Pj, Tj^K, L)=KUL, 
Si,, : Pi, ^ Pi, Si^K) = K, 

S:Pi,^Pi, Si,,{K) = KU{i}. 
Let il = {Uo,Ui, . . . ,Un} be a cover of X. For every non-empty / C [n] We denote 

Ui:=f]U.. 

For any partially ordered set P we denote by N{P) E S the nerve of P. Note that 
for / = {ao, . . . , ttd} C [n], (i > 1, N{Pi) is naturally isomorphic as a simplicial 
set to the d - 1-dimensional cube [A^Y''^. We denote by dN{Pi) c N{Pi) the 
boundary of the cube. Note that dN{Pi) is the union of the 2((i — 1) faces of N{Pi), 
each of which is a d — 2-dimensional cube. It easy to see that each of these faces is 
one of the images of the maps 

N{Si,i) : N{Pi.) ^ N{Pi) 
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N{Si,^) : N{Pi.) ^ N{Pi), 



for < z < d. 



B.2. Gluing data. In this section we shall define the gluing data required in order 
to glue sheaves of differential Po-algebras. Let it := {Uq, U\,. . . , ?7„} be a finite open 

cover of X. Let (.4o, . . . , A„; {Kj}) consist of: 

(1) A sheaf of differential Po-algebras, Ai G 2t(C/i) for every i = 0, . . . ,n. 

(2) For every / C [n] , |/| > 2 a map 

Kj e S{N{Pj),muAAnii) iuf \Mi) ius'"))- 

Then {Aq, . . . ,An; {Ki}) are called gluing data on if if they satisfy the following 
conditions 

(1) For every / C [n], |J| = 2, Kj is a quasi-isomorphism. 

(2) For every / = {uq, . . . , aa} and < i < d the diagram: 



Ki^.xK,^. 



■N{Pj) 



with 



OJtu,^^ = Ttu,^^ {A,, iu:i ' ^'^^ ^'^Z. ^' 

commutes. Here C/^i = Q ° (J-c/^"' x iij-^ ) and Q is the composition 
morphism. 

(3) For every / = {ao, . . . , ad} and < i < d the diagram: 



Ki. 



N{Pi) 

K, 

U, 



^Ui i^ao iui° ' iu/ ) 



^Ui; i^ao i^Ui° ' -^o-d ' 

^ i i 

commutes. 

Remark B.2. For / = {i} c [n] it will be convenient to denote: 



Remark B.3. If the Kj are given only for / C [n], 2 < |7| < d for some integer d, we 

shall call (Ao, . . . , An'., {Kj}) d-partial gluing data. Note that this definition makes 
sense since the compatibility conditions for Ki involve only Kj with \J\ < \I\. 

We shall define a morphism between two gluing data on il, (Aq, . . . ,An;Ki), 
{Bq, ■■ ■ ,Bn;Lj) as a collection of morphism 



fiGOJluMhBi), 
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such that the foUowing squares commute. 



R I Un(I) Li^ „N(Pj) I U^(I) 

For (j4o, . . . ,An) given sheaves of differential Po-algebras, Ai e 2t([/i) we say 
that {{Kj}) are gluing data for {Aq, . . . , An) iff {Aq, . . . , A„; {Kj}) are gluing data 
onil:={C/o,i7i,...,C/„}. 

B.3. The space of gluing data. Let {Aq, . . . , j4„) be sheaves of differential Po- 
algebras, Ai € 2l(C/i). The set of all possible gluing data {{Kj}) for {Aq, . . . , A„) 
can be considered as the zero simplices of a naturally defined simplicial set. 

Definition B.4. Let {Aq, . . . , An) be sheaves of differential Po-algebras, Ai G 
^(Ui). Wc define the space of gluing da,ta for (Aq, . . . , An) to be the simplicial set 
G{Ao, . . . , An) such that G{Ao, . . . , An)m consists of all collections of maps 

satisfying compatibly conditions as above. 

Given a finite cover of X, il := {C/q, C/i, . . . , [/„} we can take the disjoint union 
of G{Ao, . . . , An) over all the possible (^o, • • • , An) , Ai e 2l(?7i). We denote the 

resulting space by G(1I). 

Similarly the collection of all morphism between gluing data on a cover II can 
be considered as the zero simplices of a naturally defined simplicial set. 

Namely let {Aq, . . . , An), {Bq, . . . , Bn) be sheaves of differential Pp-algebras, Ai, 
Bi e 2t(C/i). We shall denote by IHI((Ao, . . . , An), {Bq, . . . , Bn)) the simplicial set 
of morphisms between gluing data for {Aq, . . . , An), {Bq, . . . , Bn)- Namely the m- 
simplices of EI((^0; • • ■ , ^n), {Bq, . . . , Bn)) are collections of maps: 

Ki e S{A"^ X N{Pi),mu,{An^i) iuf'^Mi) ^uf')h 
Li e 5(A™ X N{Pi),TluABnii) iuf'^B^H) i-uf')l 

f,eS{A"',TluM^,B^), 

satisfying the natural computability conditions analogous to those specified in 
the previous subsection. Again one takes the disjoint union of all possible such 
{Aq, . . . , An) and {Bq, . . . , Bn) and get a simplicial set IHI(it). Thus we get that 
the collection of gluing data on il can be best described as a category object 
(G(5I), El(il)) in the category of simplicial sets. A category object in a category 
is by definition a pair of objects O and M with two morphisms t,d: M O 
(target, source), a morphism O — )• M (idenity) and a composition morphism 
c: M Xo M ^ M satisfying compatibility conditions of a category. We take N(il) 
to be the nerve bi-simplicial set corresponding to this category object. 

N(il)„ := H(il) XG(ii) • • • XG(ii) 

where the product is taken over m copies of M{H) in an analogous fashion to the 
classical nerve construction. The diagonal of the bi-simplicial set N(il) is a simplicial 
set. We denote this simplicial set by N^(il) 



46 



GIOVANNI FELDER AND DAVID KAZHDAN 



B.4. Gluing. We shall prove the following statement. 



Theorem B.5. Let il = {Uo,Ui, . . . ,Un} be a finite open cover of X and let 
{Ao, . . . ,An;{Kj}i) be gluing data on il. Then there exist a sheaf of differential 
Pa-algebra A e 2t(X), such that for all < i < n, A 4^. is quasi-isomorphic to Ai. 

Proof. The proof will be done by induction on the number of open sets in the 
cover, i.e., we shall first construct the gluing for n = 1, then we shall show that 
given gluing data on it = {Uq, Ui, . . . , ?/„}, one can define gluing data on QJ = 
{Uo, Ui,..., Un-2, Un-1 U Un}, by gluing A^-i and A„. 

Definition B.6. Let H = {Uq, Ui} be a cover of X (i.e. X = UoU Ui) and let 

Ao e 2l(C/o), 

Ai e 2l(C/i), 
Ko,i e Hom2i(c/o,i)(^o iul.r^Ai i'^l J, 
be gluing data on H. We denote by Aq Ai the limit of the following diagram 

inii(X): 



^0 




^1 -^(70,1 I Uo,i 



Ai 



^1 -^C/o.ltuo,! 



^1 -^UcAuo,! 



Where /3o, /3i are the maps corresponding to the two maps A° ^ 

Lemma B.7. Given data as above, {Ao ]Jxo i ^i) -^Ui naturally quasi-isomorphic 
to Ai. 

Proof First we prove this for i — 0: since the restriction functor commutes with 
limits, we have that {Ao i ^^-^o limit of the diagram: 



Ao 



^1 -^(70,1 I Uo,i ^1 -^-i/o,! I Uo,i 



^1 ■J'C/o,i''~f/o,i 

Thus we have a pullback diagram 

{AoUKo,,A,)i: 



^1 ■J'C/o,i''~%,i 



X 
Uo 



■ ^1 4-[/o_i I £/o,l 
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Now wc need to show that left vertical map is a quasi-isomorphism. Note that this 
can be checked stalk-wise. Now the right vertical map is stalk-wise surjective and 
quasi-isomorphism (i.e., with acyclic kernel) and thus so is the left vertical map. 

For i = 1: since the restriction functor commutes with limits we have that 
{Ao Uj^^ J Ai ) 4,^^ is the limit of the diagram: 




Let P be the puUback of left side of the diagram. Since -ftTo.i, 0q and 0i arc 
quasi-isomorphisms and Po is surjective on stalks, we get that the map induced 
by /3i , 6i : P ^ j4i J,^^ ^ is a quasi-isomorphism. Further, it is easy to see that 
bi is also surjective on stalks. Thus as in the case i = we get that the map 
{Aq Ai) = P X ^ .^1 Ai — >• Ai is a quasi-isomorphism. □ 

0,1 1 ^~''Co,l 

We shall now take care of the induction step in the proof 

Proposition B.8. Let it = {Uq,Ui, . . . ,Un} be a finite open cover of X . Let 
{Aq, . . . , An] {Ki}j) be gluing data on it. Consider the finite cover of X , 

m = {^0 C/o, Vi := C/i, . . . , F„_2 t/„-2, K-i U^-i U C/„}. 

There exist gluing data {Bq, . . . , Bn-i] {L/}/) on QJ, such that Bn-i = Aq Wj^^ ^ Ai 
and Bi = Ai for < i < n — 2, 

Proof. The proof will be done by an explicit construction. A complete description of 

the construction will take some effort and place. In order to simplify the exposition 
and improve readability we will follow the following notations and guidelines. 

(1) Wc shall construct the required data, but leave checking the compatibility 
conditions to the reader. 

(2) We shall use repeatedly properties (1),(2) and (3) from Lemma B.l. When 
we show that two objects are isomorphic by using one or more of these 
properties will use subscript next to the equal sign: e.g. ifOcf/ cWcX 
we write 

mu{A CBl^t^) =1,2 MoiA i^, B IfT). 

(3) When two mapping spaces are isomorphic by applying natural adjunctions 
we will abuse notation and treat them as equal. 

Since 

Bi:=Ai, < i < n - 2, 
B„_i = Ao ]J Ai, 

Ko.i 

we are left with defining Lj for every ^ / C {0, . . . , n — 1}, |/| > 1. If n — 1 ^ / 
we will just take Lj := Kj. Now assume n — 1 e /; we denote 7+ := 7 U {n}, 
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I- = I+\{n - 1}. Note that we then have V> = [// U Ui_, Ui n Ui_ = Ui^. For 
every / such that n — 1 e / we require a map 

Note that [/[ > 1 so n(7) < n — 1 and i3„(/) = ^n(j). Further, since -B„_i = 
^0 Uko 1 ^1 is a hmit, Lj can be described as three maps 

satisfying certain compatibihty conditions. Again wc will construct L'j, L~j^ and Lj 
and leave checking the compatibility to the reader. Let us start with defining Lf, 
Note that we have 

i^i 4-f/"-i,„^r/"-i.„) -i-yr'=2,3 

Thus ^ 

2tv/(^n(/) (-4^ ^a"_i,„try^Ii „) iyp') =2,3 

'^Vi (^n(/) iy"*""' , i^"^ t^i^ ) =1 

Now we have: 

s{N{Pj\my,^ (A„(,) , )) = 
= 5(iv(p,) X /, m^,^ (^„(,) ^IJ-f , An i\ )) = 

= 5(iV(PzJ, 9Jla,^ , An il-^ )). 

Thus wc can take L\ = Kj^ . 
We shall now define 

Note that we have 

Thus 

^vAAniD il:"\{An-r t^::!) 4yr') =3 

^Vi{An(^I) ]^^'-'\An-\ ^[/""'tc/j) =1,2 

Thus we can take V\ = Kj. 
Finally we define 

Note that 

{An tiZ ) -iy" =3 iu" ^Ui ■ 
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Thus 

^vAMd (^n t^r^) ivT") =3 

^Vr {And) 4:"' , An tu',_ ) =1 

4-yj- ) An )• 

So we can take LJ = Kj_ . 

□ 
□ 

Above we discussed the process of gluing inductively, now we can also describe 
the final result: 

Lemma B.9. Let {Aq, . . . ,An;{Ki}j) be gluing data on ii = {Uo,Ui, . . . ,Un}- 
Then the glued sheaf of differential P^-algebra A e 2l(X) , constructed in the pre- 
vious section in the equalizer of a diagram 

n,(Ai)l^l-i ,;7.(7wx ^ TT .9((A^)I^1-^) i^.tD.X 
7CH,1<|J'I J'C[n],l<|J'| 

one of the map is induced by the inclusions d{{A^y^\~^ C (A^y^\~^ and the second 
one is defined by {Aq, . . . , A„; {Ki}i) 

Proof. By induction on n. □ 

B.5. Gluing as a functor. Given a finite cover il = {Uq,Ui, . . . ,Un}, gluing is 
a way to construct from gluing data on il = {Uo,Ui, . . . ,Un} new gluing data 
on 2J = {Uo, Ui, . . . , Un-2, Un-i U Un}. It is clear from the construction that it 
is functorial with respect to morphisms of gluing data. However, the collection 
of gluing data has an additional structure as a category object in simplicial sets 
and to understand the behavior of gluing with respect to this structure one needs 
additional care. Let us e.g. assume that we have il = {Uq, Ui}. A path in (G(il))i 
is given by sheaves of Pp-algebras Ai G 2t(C/i) and a map 

Kqs '■ Aq iua,i^ A^ iu„,i, 

by restricting this path to its two endpoints we get two different gluing data, 

^0,1 ■ Aa iUn,!^ Ai iuo,n 
Kq^I ■■ Aq iuo,i^ Ax i(7o_i . 

We shall denote the result of gluing according to ^ by e 2t(f/o U f/i). There 
is no simplicial path connecting and , but it is possible to connect them by 
a TAgT^s,^ of maps. Namely the map 

-K'o,! : ^0 -l-{7o,i— ^ A^ 4-i7o,i 

naturally defines a map 

We denote the resulting gluing by G 2l(?7o U U\). Note that restricting to the 
endpoints results in a 7A%T.a%: 

BO^B'^'^^BK 
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Similarly a triangle 

Ko,l ■ Ao iuo,i^ A^ \-Ua,\ 

gives rise to a commutative diagram of the form : 




To conclude, in general we have a natural map from 

N^(il)„ ^ 5(A„ X sdA",N^(9J)), 
where sd denote the barycenteric subdivision. Thus we get a map 

defined up to homotopy, "realizing" the gluing construction. 

B.6. Gluing as homotopy limit. In this section wc shall describe the process of 
gluing as a certain homotopy limit in the category 2l(X). Usually when discussing 
homotopy limits one uses the language of model categories. However, the definition 
of a homotopy limit actually depends only on the weak equivalences, and can be 
defined using only them (see [15]). Although we have not presented a model cat- 
egory structure on 2l(X) we do have a natural notion of weak equivalences as the 
quasi-isomorphisms in 2l(X). 

Further complication results from the fact that we take a homotopy limit of a 
simplicial functor 

where D„ is a simplicial diagram. The notion of a limit in the enriched situation is 
discussed in [19] and some general results about homotopy limits in this realm are 
discussed in [27]. In this section we shall use the following definitions. 

Definition B.IO ([15], §33). A homotopical category is a category St equipped 
with a class of morphisms called weak equivalences that contains all the identities 
and satisfies the 2-out-of-6 property i.e.: if hg and gf are weak equivalences, then 
so are /, g, h, and hgf. 

The category one gets from inverting all the weak equivalences is denoted by 
llo{D3V). Note that there is a natural map: 

: ^ Ho(9K) 

Given a functor 
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between two homotopical categories we say that G is homotopical if G takes weak 
equivalences to weak equivalences. Similarly given a functor 

G-.m^ Ho(OT) 

we say that G is homotopical if G takes weak equivalences to isomorphisms . 
Definition B.ll. Let SOt and 01 be two homotopical category and let 

G-.m^^ 

be a functor. A right derived functor of G is a functor 

RG:Tl^ o(fn) 
equipped with a comparison map 

S^G RG 

such that RG is homotopical and initial among homotopical functors equipped with 

maps from S<y(G. 

Definition B.12. Let QJt and 01 be two homotopical category and let 

G-.m^m 

be a functor. A point-set right derived functor of G is a homotopical functor 

RG-.m^m 

equipped with a comparison map G — )■ RG such that the induced map J^iG — > 
dijiRG makes SyiRG into a right derived functor of G. 

To present gluing as a homotopy limit we shall first explain how given a gluing 
data (Aq, . . . , An, Kj) one can construct a diagram F : D,, 2t(X) were _D„ 
depends on n alone (but F depends on {Aq, . . . , A^, Kj)). Then, the result of 
gluing (^0) ■ ■ ■ ,An;Ki) would turn out to be the homotopy limit of this diagram 
i.e the result of applying a point-set right derived functor of the limit functor on F. 

Now let il = {Uo, Ui,. . . , Un} be a finite cover of X. Let {Aq, . . . , A^, {if/}/) be 
gluing data on it. We shall construct a finite simplicial category £)„ and a simplicial 
fimctor F : Dn 2l(X) where the result of gluing along {Aq, . . . , A^, {Ki}i) is a 
homotopy limit of F. 

First we shall describe Z)„. 

Definition B.13. Let ^ / C J C [n] be two non-empty subsets we denote 

H{I, J) := {t e J\x{I) <t}cJ 

We also denote 

:= Ph{i,j) 

For convenience for ^ /, J C [n] such that I <^ J we shall take Pj^j = to be 
the empty posct. 

Definition B.14. for n > We denote by the simplicial category such that 

(1) The objects of D„ are non-empty subsets, / C [n], 

(2) Given /, J e ObDn, we take 

Map/jJ7, J) :=A^(P/,j). 
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(3) For I C J C K, we take the composition 

N{Pi,j) X N{Fj,k) N{Pi,k) 

to be the nerve of the map induced by taking union of sets, (note that in 
all other cases there is only one possible map) 

We are now ready to define our simplicial functor F. 

First, on objects we define: 

F{I) :=^,(,) 4[;:'^>t^,e2l(X) 
now it is left to define for every I, J, 

F : iV(P,.j) = Map^J/, J) ^ mx^A^n) i^]'" , , A^^j^ iuT'^^,) 
Clearly it is enough to consider the case I C J. Now since Uj C Uj, we have 

iX _iUi M,Uj _ I Ui 

I Ui-i'Uj—-i'UinUj I UinUj~-i'Uj 

Thus 

muAA:,ii) iuf''t§A§j,A,^j^ = 
^Uj{Ax(i) A^(^j) iuj''^) 

We have to define: 

Fij : NiFij) ^ MuAA^n) iuT') 
Now recall that iox H = H(I, J) we have map 

Kh : N{Fij) = N{Ph) ^ mAAn(H) 4^"') 
since H C J we have also have a map 

Kh ;^-: N{Fh) ^ MuAAn(H) I'^^'^'^A^^h) iuT')- 

Now since n{H) = x{I),x{H) = x{J), We can just take Fj^j = Kh iu"- We leave 
it to the reader to verify that the compatibility conditions on {Aq, . . . , A^, {Kj}j) 
insures that F respects composition. 

Now, along the lines of [27] we have a functor 

lim : ^{X)°^ 2l(X). 

We shall construct Rlim as a special form of weighted limit, i.e., we shall define 
a "coefficients functor" C : Dn — S such that for any F' : Dn — we have 
]Rlim(i^') = lim*^ F' ^ We will get the required natural transformation lim — > Mlim 
by taking the unique natural transformation C — >■ *, where * is the constant functor 
on the terminal object and by using the identification lim* F = limF. 

We define C : Dn 5 on objects to be C{I) :— N{Qi) where Qi is the poset 
of subsets of I that contain the last element x{I) . note that N{Qi) = (A^)l^l~^, 
Now we need to define a map 

N{¥i,j) X N{Qi) ^ N{Qj). 



THE CLASSICAL MASTER EQUATION 



53 



Thus it is enough to define a map 

Ci,j ■ P/,j X Q/ ^ Qj. 
for every ^ 7 C J C [n]. We shall take: 

Ci,j{K,I') = KvM'. 
We leave it to the reader to check compatibly. 
Lemma B.15. Let [Aq, . . . ,An;Ki) he gluing data and let 

be the corresponding functor, then the weighted limit lim F € is isomorphic 

to result of gluing of according to {Aq, . . . , j4„; Kj). 

Proof. The weighed limit lim*^ F can be computed as an equalizer of the form 

Where Wj is some simplicial set. We leave it to reader the completely formal but 
tedious check that this equalizer is isomorphic to the one described in Lemma B.9. 

□ 

To complete the proof we need to show that lim'" is indeed a point set right 
derived functor of lim. The proof relies on two essential facts: 

(1) Dn is a Reedy category and C : Dn S is Reedy cofibrant — this can be 
verified directly by computing latching objects. 

(2) The category 2t(X) can be given the structure of a category of fibrant 
objects in a way that is compatible with the simplicial enrichment. 

However giving a complete account of this proof will exceed the scope of this ap- 
pendix, thus it is omitted. 

B.6.1. A different indexing category. It is convenient to consider a alternative sim- 
plicial category En which is more symmetric and comes naturally with a simplicial 
functor 

W -.En^Dn 

which is a categorical equivalence. Thus we get that for every functor 
we have 

Rlim(i^o VK) « Rlim(i^) 

where the homotopy limit is taken over E^ in the left hand side and on Dn on the 
right-hand side. As a conclusion we will have that gluing can also be considered as 
homotopy limit over En- 
To define En we take: 

(1) The objects of En are all the non-empty subsets 7^ / c [n]. 

(2) For I,J C [n] we take define the poset E/^ j to be the poset of all 
chains 

7 = 7o C /i C • • • C /„ = J 
ordered by inclusion. We define 

MapsJ7,J) := N{Ei,j) 
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(3) We take the composition to be the nerve of the map induced by taking the 
union of chains. 

We are now left with defining the functor 

W : ^ £>„ 

On objects wc shall just take W{I) = I. To define W on morphisms it is enough 
to give for every 7^ / C J C [n] a map 

Wi,j : E/,j ^ P7,j 

we take the map: 

W/,j(7 = 7o c 7i C • • • C /„ = J) = x{I) = x{Io) < x{h) <■■■< x{In) = x{J) 

note that W is an isomorphism on objects and a weak equivalence on morphism 
spaces and thus a categorical equivalence. 

B.7. The existence of gluing data. In this section we shall demonstrate the 
existence and suitable uniqueness of gluing data in our case. 

Theorem B.16. Let X he a non- singular quasi-projective variety, A € Q}{X) a 
dosed 1-form, Sq = J X. Let LI = {Uq, ■ ■ ■ ,Un} be a finite affine cover of X. Let 
{Vi^Ti) he a BV variety with support (J7i,5o|(7j. Denote 

Ai := iOT*[-i]Vi,dTi), 

and consider the sub sim,plicial sets 

Q{Ui){Tn(i),T,ii)) c muMn(i) il:"\A^(i) ilf'). 

Then the suhspace of G(Ao, . . . , An) consisting of gluing data {Ki}j, such that the 

image of 

Kj : N{Pj) ^ DnuAMi) iuf ^Mi) iuT") 

lands in 

Q{Ui){Tnii),T,ii)) c mAMi) ilT\Mi) 4:"'). 

is contractihle. In particular it is non-empty. 

Proof. First let us denote by Gd the space of all d-partial gluing data {Kj} for 

{Aq, . . . , An) such that the image of 

Ki : N{Pi) ^ MuMnii) iuT'\A,^i) iuf')- 

will land 



g{Ui){Tnm,T,m) C muAMi) C'^Md iu'")- 



note that Gi = * and our goal is to prove that G„+i is contractible. For this it 

is enough to show that the projection map Gd+i '^d is a trivial Kan fibration. 
Thus we need to exhibit a lift for diagrams of the sort: 
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unraveling the definitions and compatibility conditions and using standard adjunc- 
tions, specifying such a lift is the same as specifying a collection of lifts: 



dN{Pi) X A™Uaiv(p,)xAn ^iPi) X K 



for every I C [n] with \I 
contractible. 



N{Pi) X A"* 

d+ 1. But this all exist since Q{Ui){Tn(i),T^(i)) is Kan 

□ 



B.8. Permuting the ordering of the cover. In this appendix we took a mini- 
malistic approach to describe gluing data, i.e., we took the minimal amount of data 
required to perform the gluing. This minimality came with a price of some symme- 
try breaking (as often happens). Specifically, note that gluing data {Aq, . . . ^A^, Kj) 
is presented in a way which is not symmetric with respect to the ordering of the 
open subsets Uq, . . . ,Un- In this section we shall explain why the resulting glued 
object will be the same (up to weak equivalence) regardless of the chosen order. 

The essential point lies in the Kan contractible groupoid that we discussed above. 
Note that the lifting conditions we have are not sensitive to ordering. Thus one 
could get gluing data for any possible ordering. Further the contractibility allows 
us to got homotopies that relate the different ordering. To show how this works we 
give a partial account of the case of two open sets, and a very rough sketch for the 
general case. Let [/q, Ui be a cover of X . By considering the groupoid above we get 
gluing data [Aq, Ai, K^j^i) as well as {Ai, A^; Li^) when i^o,! and ii,o are maps 



^0,1 : Ao 



L\fi : A\ 4,| 



Ui 
Uo,i 



^1 iuo, 



Aoi 



Uo 



Further the contractibly supply us with a homotopy: 



|f/o 

^0 -i-Uo.! 



H ■■ Ao ifj^ ^- 

between the identity map and Li o o i^o,i Thus we get a commutative diagram 

Ko,i 



Uo 
H 



A, 



^0 \u, 



Uo,i 

^1,0 



Ui 



Uo 



Uo 



■ Ao 



Ao iul,i 



Ai 



Ui 



Ai t^. 



where all the vertical maps are weak equivalences. 

Since the gluing along {Ai,Ao; Li,o) is the homotopy limit of the bottom row and 
the gluing along (^O) ^1; -^''0,1) is the homotopy limit of the top row, we get that 
the two results are weakly equivalent. In general in order to prove the contractibly 
of space of results for arbitrary n one uses the higher homotopies supplied by the 
contractible groupoid to show equivalences (or equivalence between equivalence 
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etc.) of corresponding diagrams En — > 2t(X). This is here were tiic symmetries of 
En becomes useful. 

Now let il := {Uq, U\, . . . , /7„},QJ := {Vq, Vi, . . . , Vm} be two afRne coverings of 
X. We would like to show that the result of our construction is independent of the 
choice of a covering. To see this consider the covering 

2B := {Uo nVo,UinVo,...,UnnVo,UonVuUinVu...,UnnVu..., 
Uo n Vm, f/i n ...,[/„ n 

Indeed we get that the gluing with respect either it or QJ can be described by gluing 
along W according to different orderings. 
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